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Abstract

Reliable inference for complex demographic phenomena is essential for understanding pop-
ulation health dynamics and informing public policies. The relevance of this endeavor has
stimulated increasing interest in rigorous statistical models for high-dimensional demo-
graphic data with complex dependence structures. Recent research has provided valuable
insights and effective predictive strategies, but it often focuses on specific dimensions at
the expense of others. This perspective rules out the possibility to infer more nuanced, yet
fundamental, demographic patterns that span multiple dimensions (e.g., calendar years, age
classes, causes of death, countries). We contribute to this line of research by developing novel
hierarchical Bayesian procedures for joint modeling of cross-sectional and temporal interac-
tions in array-structured demographic data. This thesis addresses, in particular, three main
objectives through state-of-the-art methodologies accounting for the core characteristics of
demographic processes, while incorporating dynamic partitioning mechanisms.

First, we propose a flexible model for age-period log-mortality rates inducing local clus-
ters of countries. To address the functional nature of the age component, we employ B-spline
expansions with dynamic coefficients. Local clustering of the log-mortality rates is achieved
through a dependent random partition model on the coefficients, which allows grouping
structures to vary flexibly across different combinations of ages and periods. We unveil un-
explored relationships between countries, opening new directions for demographic research.

Second, we extend stochastic block models to analyze sequences of directed networks en-
coding co-occurrences of underlying and contributing causes of death. We handle categor-
ically weighted edges by assuming block-specific Categorical-Dirichlet distributions, imple-
ment a double-partition framework to account for asymmetric relationships between under-
lying and contributing causes, and describe the node clusters through dependent random
partitions to ensure the smooth evolution of block structures across age classes. Appli-
cation to 2019 Us data reveals cause partitioning that moves beyond traditional medical
classifications toward more nuanced groupings.

Third, we develop a methodology for dynamic clustering of countries based on their age-
specific leading cause of death sequences over time. We model each country’s sequence as a
categorical trajectory and handle their grouping through a mixture model with exponential-
distance components based on Hamming distances, which enables the characterization of
clusters through a modal sequence and scale parameters describing the heterogeneity of
each age-group. The induced partition is allowed to evolve smoothly across years through
a temporal random partition model, enabling the identification of clustering structures in

leading mortality causes which extend standard epidemiological transition theories.
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Introduction

Reliable estimates of demographic outcomes are essential for understanding population
health trends, shaping health and public policy, as well as forming the basis of inference in
all areas of social science (Murray and Evans, 2003; Papanicolas et al., 2022). Traditional
approaches often struggle to capture the complex dependencies inherent in mortality pat-
terns across regions, age groups, calendar years, or causes of death. The increasing need
for more sophisticated models that can accurately represent these intricate relationships
motivates the development of new statistical methods and models tailored to the challenges
of complex data, such as those arising in a demographic setting.

Recent advances have yielded fundamental insights and successful predictive methods,
but often focus on specific dimensions at the expense of others, for instance, examining
patterns for isolated countries (Arnold (-Gaille) and Sherris, 2013; Désesquelles et al., 2014b;
Woolf and Schoomaker, 2019; Camarda, 2019; Alexopoulos et al., 2019; Pavone et al., 2024),
limited to a specific calendar year (Désesquelles et al., 2014b; Egidi et al., 2018) or particular
age group populations (Egidi et al., 2018; Woolf and Schoomaker, 2019). As showcased
in recent studies (Bergeron-Boucher et al., 2020; Stefanucci and Mazzuco, 2022; Aliverti
et al., 2022; Debon et al., 2023; Depaoli et al., 2024; Dharamshi et al., 2025; Varga, 2025),
a deeper understanding of demographic phenomena requires comprehensive formulations
capable of jointly modeling patterns across multiple dimensions (e.g., countries, age classes,
time and causes of death) of demographic data, opening the possibility to explore more
complex, yet critical, demographic structures. Our contribution to this line of research lies in
developing novel hierarchical Bayesian procedures that simultaneously model cross-sectional
and temporal interactions in array-structured demographic data. The thesis tackles three
primary objectives using state-of-the-art methodologies that capture the essential features
of demographic processes while incorporating dynamic partitioning mechanisms.

First (Chapter 1), we aim to identify and quantify relationships between mortality rates
across countries, age classes, sexes, and calendar years, with a focus on the temporal and
spatial dimensions of these dependencies. Second (Chapter 2), we investigate the connec-
tions between underlying and contributing causes of death in the US population, particularly
examining how their mutual influence evolves from the youngest ages to the oldest one. Fi-
nally (Chapter 3), we analyze the sequences of the most frequent cause of death in various

age classes across different countries worldwide, stratified by sex, aiming to identify clusters
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of populations with similar trajectories across ages and to track how these patterns have
changed over the past two decades.

Although the entities and phenomena under consideration differ, the three contributions
share the common goal of identifying communities of homogeneous statistical units with
respect to specific characteristics of the problem under investigation, a task known in the
statistical literature as clustering (see Hennig et al., 2015). Our research is not confined
to the analysis of isolated, static, cross-sectional groups (e.g., sets of countries in a given
calendar year), rather our interest lies in uncovering the dynamics that drive the evolution
of such groups along ordered dimensions, such as time or age. Effectively addressing these
objectives requires models that account for both the core structure of the demographic
problems and the dynamic clustering patterns among observations, achieved by introducing
a suitable latent partitioning mechanism.

Our contribution consists in the design of novel principled Bayesian models for dy-
namic clustering of mortality data, with applications to log-mortality rates, co-occurrences
of causes of death, and life-course trajectories of predominant causes. We now provide a
brief overview of the state-of-the-art dynamic clustering methodology employed in our pro-
posals (Page et al., 2022). Finally, we conclude the introduction by summarizing the key

contributions of this thesis in the three applications.

Dynamic Clustering

Clustering techniques can be divided into two main categories (Hennig et al., 2015). The
first consists of algorithmic distance-based methods, like k-means (MacQueen, 1967) and
hierarchical clustering (Ward, 1963), which are procedures that group observations together
by measuring how similar they are using a specific distance measure. The second involves
model-based schemes that rely on probabilistic frameworks to assign data points to clusters
based on distributional assumptions. While these approaches can be implemented from
either a frequentist (Pearson, 1894; Day, 1969; Wolfe, 1970; O’Neill, 1978) or Bayesian per-
spective (Antoniak, 1974; Binder, 1978; Lavine and West, 1992; Diebolt and Robert, 1994),
in this thesis we adopt the latter which allows for the incorporation of prior information on
the latent partitioning structure as well as the use of posterior distributions for uncertainty
quantification.

Routine implementations of model-based clustering rely on mixture representations (see
Fruhwirth-Schnatter et al., 2015, for a complete review). Given a random sample yi, ..., Yy,

a standard mixture model for y;, 2 = 1,...,n, assumes

K
ind
yi ~ > mepe(yi | ),
s

where pi(- | 61),...,pk (- | k) are the K component distributions indexed by, possibly
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array-valued, parameters 0y, ...,0x, and the set of weights satisfies Y&, 7, = 1. Often,
the K distributions are assumed to belong to the same family, so pp(- | ) = p(- | k).
Clusters are implicitly induced, depending on which of the K components each observation
is assigned to.

An equivalent, two-step description of this formulation that more explicitly models the
clustering assignment is available. The first step consists in allocating the observations to one
of K possible groups, each with probability 7, for k = 1,..., K. Then, conditionally on the
group allocations, observations within the generic group k are assumed to be independently
and identically distributed according to p(- | fx). More formally,

yila=k ~ p(- | 6k) with pr(c; = k) = m,

where ¢y, . . ., ¢, are latent allocation variables that induce the partition of the n observations
c={Cy,...,Cx},such that Ct ={i=1,....,.n:¢, =k}, fork=1,... K.

This alternative formulation naturally leads to another class of widely used models known
as random partition models (see, e.g., Grazian, 2025, for a review of recent advances). These
models explicitly specify a distribution for the partition ¢ of data points, thereby replacing
the multinomial allocation pr(c; = k) = 7, with a more flexible framework while preserving
the iid assumptions for observations within clusters.

To this end, Gibbs-type priors (see, e.g., De Blasi et al., 2015) provide a rich family
of Bayesian nonparametric distributions on exchangeable random partitions that combine
flexibility with analytical tractability. A probability distribution for a vector of n unlabeled

group indicators ¢ belongs to this family if

K
p(c) = 5n,K H(1 - U)nk—17
k=1

where n; denotes the number of individuals in cluster k, o < 1 is the discount parameter,
(a)p = a(a+1)---(a+b—1) is the rising factorial, and {5, x : 1 < K < n} represents a set of
nonnegative weights satisfying the recursion 3, x = (n — K0)Byt1,x + Bnt1,x+1, with initial
condition f;; = 1. This family includes some commonly used examples such as the Gnedin
process (obtained by setting o = —1 and B,k = (N)n_x [[Ih= (k* — nk)]/ 175 (52 + i) for
n € (0,1)) and the Dirichlet process (obtained by setting o = 0 and 8, x = 7% /(n),, for
n > 0) (De Blasi et al., 2015; Legramanti et al., 2022). Moreover, this class also comprises
the mixtures of Dirichlet processes with respect to 7, enabling straightforward inference on
the parameter that governs the number and size of induced clusters. Furthermore, under
appropriate conditions, both the Gnedin process (Geng et al., 2019) and the mixtures of
Dirichlet processes (Ascolani et al., 2023) provide consistent estimators for the number of
clusters, a highly desirable property in clustering applications.

It is worth noting that the Gibbs-type priors enjoy an equivalence property with an-
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other widespread class of models, known as exchangeable product partition models (PPMs;
Hartigan, 1990). These models assign probability to a partition ¢ as p(c) o ¢(Cy) - - - ¢(Ck),
where ¢(-) is a nonnegative cohesion function that quantifies within-cluster homogeneity.
If we impose the cohesion function ¢(-) to depend on Cy,...,Cy only through their cardi-
nality, then these distributions coincide with the Gibbs-type ones (De Blasi et al., 2015).
This equivalence is particularly advantageous, as it allows for the extension of the model to
include observation-specific information via an auxiliary similarity function (Miller et al.,
2011), which can incorporate external knowledge, such as covariates and expert opinion,
into the prior on the partition.

While traditional clustering methods focus on identifying static groupings within a single
cross-section of the data, our primary interest lies in studying the evolution of partitions
across ordered dimensions, such as age groups or calendar years. This dynamic perspective
enables us to capture how clusters form, dissolve, or change composition over time or age,
providing deeper insights into the underlying demographic processes. Denoting with ¢, =
(¢t1,-..,ctp) the latent allocation variables at time ¢, we consider a Markovian structure

for the sequence of allocations, such that the joint distribution of the sequence factorizes as

T
pler,. .. er) = pler) [I ple | e-1) (1)
t=2
where p(c;) is the initial distribution and p(¢; | ¢;—1) is the transition kernel determining
how the partition evolves over t € {2,...,T}.
To completely characterize such a prior distribution, we need to specify explicit forms
for the initial configuration and transition probabilities. To this end, we rely on the time-

dependent random partition model proposed by Page et al. (2022)
([Ch s aCT] | a) ~ tRPM(a7 7])

which extends the random partition models framework to account for the temporal evolution
of clustering patterns through an intuitive yet flexible two-step procedure where only a
subset of the observations is allowed to change their cluster allocation at each time point.
The vector a = [, ..., ar] is a set of time-specific parameters that regulate the temporal
persistence of the partitions ¢y, ..., er through the transition mechanism underlying p(c¢; |
¢i—1). On the other hand, n > 0 controls the number and size of the clusters at the first
time point ¢ = 1 through p(e¢;), which also reflects on the subsequent time points, under
the Markovian assumption in (1). The parameter 7 is here assumed to be user-defined, as
in Page et al. (2022), and hence does not appear in the conditioning, but we acknowledge
the possibility of placing a prior on 7 to allow for full Bayesian inference on the number and
size of the clusters (see Chapter 1 and 2).

An EPPF is assumed for the distribution p(c;) of the partition at first time point t = 1,
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for instance, one induced by a member of the Gibbs-type prior family. A useful property for
p(cy) is the so-called Kolmogorov consistency, or addition rule, property, which guarantees
the closure of the model family with respect to the marginalization of some units; see, e.g.,
De Blasi et al. (2015) and Page et al. (2022). In such a setting, this is crucial to provide a
characterization of the sequence of distributions, as Page et al. (2022) shows that, under this
property, the tRPM construction produces partitions at each subsequent time point that are
marginally identically distributed to the initial one. In other words, c,, ..., cr all inherit
the same EPPF that was assumed for ¢;.

Then, subsequent transitions are governed by latent binary indicators v, fori =1,...,n
and t = 1,...,T, each determining whether the i—th unit can change its cluster allocation
when moving from ¢t — 1 to t. To allow for a completely unconstrained allocation at the first
step t = 1, we set v;; = 0 for every ¢ = 1,...,n. Conditionally on the cluster memberships
at the previous time step ¢;_; and the constrained units I'; = {i : 7;; = 1}, the allocations ¢,
at time ¢ are driven by a mechanism which must satisfy a compatibility criterium. Let denote
with C the space of all the partitions of n nodes, ¢; € C the partition corresponding to cluster
allocations ¢; and ¢} * the reduced partition obtained by removing from ¢, the observations
not belonging to the index set Ty, Then, we define C(c,_1,y) = {c¢, € C: ¢;t; = ¢;'} as
the set of partitions induced by ¢; compatible with ¢;_; and ;. Specifically, these are all
the partitions of the n units that can be obtained from ¢;_; by reallocating only those units
for which 7 = 0. Then, for the joint distribution of (v, ¢;) over t = 1,..., T, we assume

the conditional Markovian factorization

T
p(m, e, yrer) = pler) tHQP('Yt)P(Ct | -1, %)
For all the auxiliary variables with ¢ > 1, we consider independent Bernoulli distributions
with time-specific parameter «; € [0, 1], such that «; plays the role of scalar dependence
parameter modeling the a priori expected relative frequency of units that can be reallocated
in the transition from ¢ — 1 to t. As such, oy = 0 implies almost sure independence between
¢; and ¢;_1, conversely, a; = 1 implies that ¢; = ¢;_; with probability 1. The formulation is
completed with independent and identically distributed Beta priors for oy, thus obtaining

the hierarchical formulation

(’Yit | at) 1}\(’1 Ber<at)7 Qy 1}\(} Beta‘(aau ba)7
fori € {1,...,n} and t € {2,...,T}, where a, > 0 and b, > 0 are non-stochastic prior

hyperparameters controlling the expected number of nodes that can be reallocated at t. To

conclude the specification, the transition kernel is assumed to have the form

Pf(ct =c ’ Ct71>’7t) X pr(ct = C) ]1[@ S Ct(ct—la’)’t)]
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where pr(c; = ¢) is the EPPF assumed for ¢; evaluated at the cluster allocation vector ¢
inducing the partition ¢ € C, and 1[A] denotes the indicator function of the event A. This
is equivalent to assume that the transition to ¢; shares the same distributional behavior as
c;_1, only restricted to the set of ¢ that can be obtained starting from ¢;_; and satisfying

the compatibility constraints defined by ;.

Summary of the Specific Contributions

In Chapter 1, we propose a flexible model for log-mortality rates that induces local clusters
of countries across ages and time points (Romano et al., 2025). To take into account the
functional nature of the data, our approach is based on B-splines expansions, with dynamic
coefficients that model the evolution of the temporal trajectories (Pavone et al., 2024).
This solution also addresses the high-dimensionality problem affecting age-and-year-specific
mortality data (Booth and Tickle, 2008), by analyzing coefficients of the spline expansion
that capture mortality behavior for classes of ages, rather than single-age rates. To allow
for local partitioning patterns of countries that are specific to combinations of age classes
and periods, we cluster the spline coefficients using the dynamic random partition model by
Page et al. (2022).

In Chapter 2, we enlarge the class of extended stochastic block models (ESBM) introduced
by Legramanti et al. (2022). Our extension (Romano et al., 2025) infers dynamic groups
of nodes with common connectivity patterns in a categorically weighted directed network
sequence, motivated by the one encoding the co-occurrences of underlying and contributing
causes of death in the 2019 uS population across different ages. We introduce several
innovations to the ESBM framework. First, we account for networks whose edges are labeled
by categorical variables. Second, we include a double partition framework to take into
account the directed nature of the problem. This aspect is fundamental in settings with
asymmetric relationships, such as in social networks like Instagram, where we want to cluster
individuals with two separate partitions depending on their role of follower or followed.
Third, we model the sequence of networks through the dependent random partition proposed
by Page et al. (2022) to guarantee the smooth evolution of block structure between adjacent
age classes, something unattainable simply by taking a set of independent Gibbs-type priors.

In Chapter 3, we introduce a Bayesian methodology for the dynamic clustering of coun-
tries based on their age-specific leading cause-of-death sequences, with clustering patterns
that evolve over time. Leveraging the comprehensive WHO mortality database, we analyze
annual leading cause-of-death sequences across 183 countries, stratified by sex and age class,
from 2000 to 2021. Our approach models each country’s sequence across ages as a trajec-
tory of categorical variables and employs the mixture model proposed by Argiento et al.
(2024), with exponential-distance components based on the Hamming distance to capture

similarities between categorical sequences. We extend this formulation to account for the
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temporal evolution of countries’ similarity patterns, by adopting the temporal random par-
tition model (tRPM) of Page et al. (2022), which allows the clusters to evolve smoothly
across years. This framework enables the identification of both persistent and transient
clustering structures, providing new insights into global and local trends in cause-specific
mortality. The proposed methodology facilitates the detection of converging or diverging
epidemiological patterns among countries and offers a principled approach for quantifying
uncertainty in both cluster assignments and central cause-of-death trajectories.

Through these novelties, this thesis seeks to contribute to both the formal modeling of
complicated dependence structures in complex data that are more and more common, such
as functional data, networks, and categorical sequences, and the practical application of

advanced statistical methods in demographic analysis.

The research in this thesis is supported by the MUR-PRIN 2022 project “CARONTE”
(Prot. 2022KBTEBN), funded by the European Union — Next Generation EU, Mission 4,
CUP: J53D23009400001






Chapter 1

Bayesian Local Clustering of
Age-Period Mortality Surfaces across
Multiple Countries

JOINT WORK WITH E. ALIVERTI AND D. DURANTE

1.1 Introduction

The changes in life expectancy, population structure and welfare systems over the past
decades have stimulated a growing demand for novel statistical models capable of charac-
terizing heterogeneous mortality patterns across ages, periods and countries, while providing
reliable probabilistic forecasts with rigorous uncertainty quantification (e.g., Lutz and Kc,
2010; Raftery et al., 2013; Hunt and Blake, 2021). Advancements along these lines are
fundamental in guiding healthcare, social, environmental and retirement policies, thereby
motivating active research on mortality modeling within several fields, such as demography
(e.g., Lee and Miller, 2001; Li and Lee, 2005; De Jong and Tickle, 2006; Raftery et al., 2013;
Li et al., 2013; Hyndman et al., 2013; Mazzuco et al., 2018; Camarda, 2019; Léger and Maz-
zuco, 2021), statistics (e.g., Lee and Carter, 1992; Hyndman and Ullah, 2007; Alexopoulos
et al., 2019; Tang et al., 2022; Aliverti et al., 2022; Lam and Wang, 2023; Pavone et al.,
2024; Debon et al., 2023; Dimai, 2025) and actuarial sciences (e.g., Haberman and Renshaw,
2011; Hatzopoulos and Haberman, 2013; Kleinow, 2015; Antonio et al., 2015; Currie, 2016;
Enchev et al., 2017; Wong et al., 2018; Dong et al., 2020; Scognamiglio, 2022), among others.
As clarified in these contributions, such active research on mortality has witnessed in recent
years a progressive shift away from analyzing single countries in isolation and towards joint
modeling of age-period mortality surfaces within a multi-country setting.

The above perspective is inherently motivated by the fact that countries are not iso-
lated entities, but rather display similar global trends in age-specific mortality patterns (see

Figure 1.1) regulated by common exogenous and endogenous factors, such as advancements
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Figure 1.1: Log-mortality rates at age 0 (first panel) and 55 (second panel) in Italy (ITA), Sweden (SWE),
the United Kingdom (UK) and the United States of America (USA) between 1933 and 2020.

in healthcare (e.g., Vallin and Meslé, 2004). As such, joint modeling of multiple countries
can facilitate effective borrowing of information to improve age-period mortality forecasts,
while opening the avenues for inference on local similarities and differences among coun-
tries’ mortality patterns in specific age classes and periods that could unveil unexplored
demographic trends, possibly arising from targeted policies adopted by certain countries.
Addressing both objectives would require a unique formulation that accounts not only for the
core structures of country-specific age-period mortality surfaces, but also for local cluster-
ing patterns between countries arising from overlaps among these country-specific surfaces
in particular combinations of ages and periods. Although state-of-the-art multi-country
mortality models are still not designed to include these fundamental dynamics, local het-
erogeneities in country-specific mortality rates across ages and periods are recognized in
demographic research (e.g., Vallin and Meslé, 2004; Vaupel et al., 2011) and find strong
evidence in mortality data.

For example, the first panel of Figure 1.1 illustrates the infant log-mortality rates in Italy,
Sweden, the United Kingdom (UK) and the United States of America (USA) from 1933 to
2020, as retrieved from the Human Mortality Database (HMD: https://www.mortality.org/).
During the first forty years, the UK and the USA display overlapping mortality trajectories,
which then diverge after 1980. Conversely, Italy follows a distinct path until 1985, after
which it aligns with the UK for approximately ten years. Interestingly, as shown within the
second panel of Figure 1.1, these grouping structures vary not only across periods, but also
with different ages. For instance, the clustering among the UK and the USA at infant ages
is no more visible for individuals aged 55, who show, instead, a remarkable overlap between

[taly and the UK for a large time window.
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Accounting for the above patterns via a principled model-based representation would not
only provide a more realistic characterization of age-period mortality surfaces across multi-
ple countries, but could also open the avenues for rigorously answering important scientific
questions, e.g., on the differences among low-mortality countries (Oeppen and Vaupel, 2002;
Vaupel et al., 2011) and the corresponding socio-economic determinants (Marmot, 2005).
As discussed previously, although the literature on multi-country mortality modeling has
witnessed extensive advancements over the recent years, state-of-the-art contributions are
not designed to address this endeavor. In fact, a common solution in multi-country mor-
tality modeling relies on extending structured bilinear decompositions of age-period mor-
tality surfaces for a single country, such as the one by Lee and Carter (1992), to joint
formulations that include country-specific parameters and a common component shared
across periods (e.g., Li and Lee, 2005) or ages (e.g., Kleinow, 2015). This general perspec-
tive improves forecasts and can be further extended to more sophisticated representations
leveraging multi-country generalizations (Hyndman et al., 2013; Lam and Wang, 2023) of
functional principal components constructions (Hyndman and Ullah, 2007), or joint decom-
positions of the country-age-period mortality tensor (Dong et al., 2020); see also Enchev
et al. (2017). However, all these solutions are not designed to infer group structures among
countries based on similarities in the associated mortality rates. Such an issue is also found
in related Bayesian hierarchical formulations relying on conditionally independent models
for each country linked by a common prior distribution on shared underlying parameters
(e.g., Raftery et al., 2013; Antonio et al., 2015; Aliverti et al., 2022).

An effective direction for overcoming the aforementioned issues is to move towards more
recent extensions of the above formulations which explicitly include notions of clustering
among countries in terms of the corresponding mortality patterns (Hatzopoulos and Haber-
man, 2013; Léger and Mazzuco, 2021; Schniirch et al., 2021; Tang et al., 2022; Scognamiglio,
2022; Debon et al., 2023; Dimai, 2025). Albeit providing meaningful representations for
model-based clustering of mortality surfaces, the overarching focus of these extensions is on
global grouping structures, instead of local ones changing with different combinations of ages
and periods. As such, countries are not allowed to display varying clustering behaviors at
different ages (Léger and Mazzuco, 2021), time periods (Hatzopoulos and Haberman, 2013),
or both dimensions (Tang et al., 2022; Schniirch et al., 2021; Scognamiglio, 2022; Dimai,
2025). Recalling the previous discussion of Figure 1.1, these constraints are not supported
by the observed age-period mortality data and hinder the possibility of learning nuanced
grouping structures, possibly informing on unexplored localized demographic trends that
are visible only for specific combinations of ages and periods.

To our knowledge, the only attempt to remove the constraints imposed by the above
global clustering perspectives can be found in the application of latent class clustering
models to multi-country age-period mortality data in Debon et al. (2023). Although this

contribution has the merit of recognizing the importance of moving beyond global clustering
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perspectives, a direct application of latent class clustering methods without the additional
inclusion of the specific structures of age-period mortality surfaces could undermine the
flexibility of the resulting procedure in uncovering local clustering patterns. This potential
issue finds evidence in Figure 1 of Debon et al. (2023) where the inferred grouping structures
resemble more closely those obtained under a global perspective, than a local one. For
example, according to Figure 1 of Debon et al. (2023), at infant ages, all countries share
the same cluster in the entire time window analyzed, a behavior which is not in line with
the local clustering structures displayed by the observed mortality data in our Figure 1.1.
In addition, similarly to all cluster-based extensions of multi-country mortality models, also
Debon et al. (2023) requires to specify the unknown number of groups, a challenging task
in practice, without a uniquely-accepted solution.

Motivated by the above discussion and by the impact of addressing the aforementioned
challenges in multi-country mortality modeling, we propose and develop in Section 1.2 an
innovative and principled Bayesian formulation that accounts for the core structures of
age-period mortality surfaces, and crucially incorporates clustering patterns among coun-
tries which are allowed to vary flexibly across different combinations of ages and periods.
This is accomplished by modeling the smooth age patterns of mortality via a flexible linear
combination of B-spline bases (e.g., Camarda, 2019; Pavone et al., 2024), whose country-
specific dynamic coefficients evolve across calendar years through carefully-designed stochas-
tic processes of time relying on a temporal random partition prior inspired by the general
construction in Page et al. (2022). Crucially, these stochastic processes for the joint time
trajectories of the country-specific coefficients associated with the different B-spline bases
provide a principled characterization of the time changes in the age patterns of mortal-
ity across periods, while allowing the grouping structures exhibited by countries to change
both in time and across the bases’ coefficients associated with the different ages. As such,
the resulting representation facilitates the identification of locally converging or diverging
trends in multi-country age-period mortality surfaces, while crucially preserving a structured
representation that accounts for the core characteristics of these surfaces.

As clarified in Section 1.3, the proposed structured representation, albeit flexible, is
amenable to tractable posterior inference via a carefully-designed Gibbs-sampling algorithm
that automatically learns the unknown total number of clusters and facilitates both point
estimation and uncertainty quantification on mortality patterns and grouping structures.
The simulation studies within Section 1.4 and the application to mortality data of 14 coun-
tries from 1933 until 2020 in Section 1.5, not only confirm the ability of the proposed model
to accurately learn these local grouping structures, but also unveil unique localized simi-
larities among specific countries, which highlight both known demographic phenomena and
also yet-unexplored trends acting on selected countries over specific combinations of ages
and periods. Concluding remarks can be found in Section 1.6 where we also clarify that,

although motivated by multi-country age-period mortality data, the proposed model has
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broader scope and impact, in that it allows to detect localized overlaps among surfaces as-
sociated with different populations. To our knowledge, general methodological contributions

exploring this direction are limited.

1.2 Model Formulation

Let us denote with d;,; and E;;;, respectively, the observed death counts and the average
number of individuals at risk within country ¢ = 1,...,n, at age x € X and for period
t=1,...,T (corresponding, in our case, to calendar years). Consistent with the overarching
focus in mortality models for both single and multiple countries (see, for example, Currie,
2016; Enchev et al., 2017; Hunt and Blake, 2021), our interest lies in the analysis of the

country-specific age-period log-mortality rates log m;,; = log(d;z/Eizt) for which we assume
108 Mzt = fir(T) + €iwe, With iz ~ N(0,07), (1.1)

independently for i = 1,...,n, v € X and t = 1,...,T, where f(z) = E[logmiz | fi(x)]
is the expected log-mortality rate surface for the i—th country expressed as a function of
age v € X that is allowed to vary across periods ¢ = 1,...,T. The general surface plus
Gaussian noise formulation in (1.1) is common to several mortality models for both single
and multiple countries (e.g., Currie, 2016; Enchev et al., 2017; Hunt and Blake, 2021). In
addition, as recently proved by Pavone et al. (2024, Proposition 2.1) under a single-country
perspective, when E;,; is sufficiently large (as in standard demographic settings), the above
formulation arises directly from an underlying Poisson log-normal model for the observed
death counts d;;; that properly accounts for possible overdispersion; see also Wong et al.
(2018). Nonetheless, as discussed in Section 1.1, none of the available multi-country models
provides a structured representation for f;;(z) that incorporates the core age-period patterns
of mortality, while allowing countries to cluster differently as x and ¢ vary.

Addressing the above gap would require the design of a structured representation for
the expected log-mortality rate surface which ensures that f;;(x) varies (i) smoothly as a
function of age x, for every i = 1,...,nand t = 1,...,T, and (4i) dynamically with periods
t, for each i =1,...,n and x € X, while (%) allowing f;;(z) and f;+(z) for any two generic
countries ¢ and i’ to cluster (i.e., display similar values) only for those combinations of x
and t in which there is empirical evidence of overlapping patterns in the log-mortality rates
of i and . To this end, a natural option for addressing objective (7) in a way that facilitates

also inclusion of (77) and (%ii) is to represent f;;(z) through the B-spline expansion

P .

fit(x)zzjzlﬁijtgj(x), i=1,....n,x e X, t=1,...,T, (1.2)
where [g1(), . .., g,(z)] denotes a set of common B-splines bases (e.g., Eilers and Marx, 1996)
with associated coefficients [S;1¢, . . ., Bipt] that are allowed to vary with countriesi =1,...,n

13
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and periods t = 1,...,7T. Although related representations have been mostly explored in
separate analyses of single countries in isolation (e.g., Currie et al., 2004; Camarda, 2019;

Pavone et al., 2024), the expansion in (1.2) provides an effective construction in our multi-

country setting which ensures that fi;(x) is a smooth function of age, for every i =1,...,n
andt =1,...,T, whose dynamic changes across periods and local clustering patterns among
countries can be regulated by a finite set of coefficients [Siy,..., B, for ¢ = 1,...,n

and t = 1,...,T. As such, objective (i) is addressed by construction, while (7i)-(7ii) can
be accomplished by allowing time changes and ties in these coefficients, respectively. In
particular, notice that, when ;;; = Sy, then countries ¢ and ¢’ display under (1.2) similar
mortality rates in period ¢ for the age interval associated with basis g;(x).

To formalize this idea, let ¢;;; € {1,..., K;:} be the cluster membership indicator for
country ¢, with respect to the j-th basis in period ¢, and denote with c;; = [c1je, - - ., Cnjt) €
{1,..., Kj;}" the vector comprising the memberships for the n countries, for every j =
l,...,pand t =1,...,T, where K;; < n is the total number of clusters at the pair (j,?).
Then, ties among the coefficients (1, ..., Bnj: can be readily incorporated, for every j =
1,...,pand t=1,...,T, by letting

5ijt:5c*mjtv foralli=1,...,n, j=1,....,p, t=1,...,T, (1.3)
where B(fm j+ € R is the value of the j—th B-spline coefficient in period ¢ associated with the
cluster to which country ¢ has been allocated. As such, all countries belonging to the same
generic cluster & (for the j—th spline basis within period ¢) will display the same value f;;,
for the associated coefficient, thereby addressing (77). Crucially, c;; varies with both j and
t, and therefore, any generic pair of countries i and ¢’ is allowed to cluster locally only for
specific ages and periods, consistent with the original motivations underlying the proposed
construction.

In order to complete the proposed Bayesian formulation, we require priors for the

model parameters in (1.1)~(1.3), namely o7, for i = 1,...,n, along with c;, and 8}, =

[Bljes - - - ,B}}jm]T, for each j = 1,...,p, t = 1,...,T. Regarding o2, for i = 1,...,n, we
follow common practice and consider conditionally-conjugate Inv-Gamma(a,, b,) priors for
each o2, independently across i = 1,...,n. Conversely, for ¢;; and B;, we elicit priors that

explicitly account for the temporal structure behind the evolution of both c;; and 8}, with

periods t = 1,...,T, for each j = 1,...,p, thereby addressing (7i). Focusing first on s
this goal is accomplished by assuming independent Gaussian priors for the entries in such
a vector, further centered around a higher-level mean function of time which is assigned a
Gaussian process (GP) prior (see, e.g., Williams and Rasmussen, 2006). More specifically,

we let

(B | wjt,djz) ~ NKjt(wjthjtﬁf-IKjt), independently for j=1,...,p, t=1,...,T,

_ . (1.4)
(Y = [V, ..., Vir]T | wJQ) ~ NT([J,]',(,UJQ-E), independently for j =1,...,p,
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where 1p;, and Ig,, denote the Kj x 1 vector of ones and the K;; x Kj; identity matrix,
respectively, whereas p; and w]?E are the mean vector and the covariance matrix induced
by the GP prior on the finite time grid t = 1,...,T. For X we consider, in particular,
a squared exponential correlation function (see Williams and Rasmussen, 2006, Section 4)
which allows the dependence between the generic ¢ and 1; to progressively decrease
as the distance between the time indexes t and ¢’ increases. The mean vector p; is in-
stead elicited under a data-driven perspective (see Section 1.4), whereas 5]2 and wjz are
assigned conditionally-conjugate Inv-Gamma(as,bs) and Inv-Gamma(a,,b,) hyperpriors,
respectively, independently for j =1,...,p.

As discussed above, temporal dependence is expected also in the sequence c;q,...,c;r
of cluster assignment vectors, for each j = 1,...,p. In particular, it is reasonable to assume
that the generic c;;_; influences the formation of c¢;; through a mechanism in which only
a subset of the countries change the corresponding cluster membership when moving from
t — 1 to t, whereas the others preserve it. This Markovian dependence structure implies
that p(cj1,...,cir [ 1) = p(ejn [ mi)p(cia | ¢ju,mi) - plejr | €jro1,m;), where n; € Ry
regulates the formation of c;; through p(c;; | n;), which in turn influences those of the
subsequent vectors cjs, ..., c;r. As such, the mechanism defining p(cj; | ¢j4—1,7;) should
be combined with a careful prior on the initial membership vector c;; at time ¢t = 1, which
induces a flexible characterization of the joint prior over the entire sequence cji,...,c;r,
for each 7 = 1,...,p. A construction of this type can be found in the temporal random
partition (tRPM) prior recently proposed by Page et al. (2022) and detailed in Introduction.
Adapting this general construction to our specific context, we let

([cj1, - cjr] | @,m5) ~ tRPM(avj, ;), independently for j =1,...,p, (1.5)

where «; € [0,1] is a temporal persistence parameter controlling the transition mechanism
behind p(cj; | ¢ji-1,m;). Specializing Page et al. (2022) to our setting, such a formation
mechanism for c;; is assumed to be driven by a Chinese restaurant process (CRP) prior with
parameter 7;. This prior belongs to the general Gibbs-type class (e.g., De Blasi et al., 2015)
and provides a flexible characterization for the formation of the grouping structures in c;;
driven by a tractable urn scheme. In particular, let cgfi) = [C1j1, s Cim1,415 Cit 1,415 - - - » Cnji)
be the cluster membership vector for the j—th spline basis at time ¢t = 1, excluding the
generic i-th country, and denote with n,(g;f) and K ](1_ ) the cardinality of cluster k£ and the
g;i), respectively. Then, under this scheme, the
prior on the cluster memberships for country ¢, given those of the others, coincides with
pr(cii =k | C§-Ii)

and pr(c;j; =k | cgf

total number of non-empty clusters in c

,1;) X n,g;f) if k is a cluster already occupied by the other n — 1 countries,
2 n;) o< n; if k is a new cluster (i.e., k = Kj(l_i) +1). Besides illustrating
the tractability of this construction, along with the role of the parameter 7;, such an urn
scheme also clarifies that the total number of clusters in c¢;; can be learned automatically,

without the need to pre-specify it. This is a remarkable advantage compared to state-of-
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the-art cluster-based models for mortality (Hatzopoulos and Haberman, 2013; Léger and
Mazzuco, 2021; Schniirch et al., 2021; Tang et al., 2022; Scognamiglio, 2022; Debon et al.,
2023; Dimai, 2025) that cannot learn the number of clusters automatically, as part of the
estimation process.

To conclude our Bayesian formulation, we select independent hyperpriors Beta(ay, by)
and Gamma(a,, b,) for the quantities o; and n; in (1.5), respectively, for j = 1,...,p. The
Beta(aq, by) hyperprior is considered also in Page et al. (2022), whereas the Gamma(ay,, b;))
for the CRP concentration parameters, although not present in Page et al. (2022), is moti-
vated by recent theoretical results in Ascolani et al. (2023) on the consistency properties of
CRP constructions.

Section 1.3 clarifies that the above Bayesian formulation is also amenable to tractable
posterior computation and inference leveraging a carefully-designed Gibbs-sampling algo-

rithm.

1.3 Bayesian Computation and Inference

Posterior inference for the Bayesian model in Section 1.2 is conducted via Monte Carlo lever-
aging the draws of a carefully-designed Gibbs sampler targeting the posterior distribution
of the model parameters given the observed mortality rates. Section 1.3.1 derives in detail
such a Gibbs sampler, while Section 1.3.2 illustrates how the resulting posterior samples
are leveraged to perform Monte Carlo inference on the local clustering structures among

countries and the corresponding mortality patterns.

1.3.1 Gibbs Sampler

The proposed Gibbs sampler iterates sequentially between two main steps. First, the tem-
poral cluster allocations are sampled, along with the tRPM hyperparameters in (1.5), from
the corresponding full-conditionals by adapting the algorithm of Page et al. (2022, see Sec-
tion B, Supplementary Materials) to our B-splines construction, and the results in Escobar
and West (1995) for the CRP hyperparameters 7;, j = 1,...,p. Second, conditionally on the
group allocations, the cluster-specific B-splines coefficients in (1.4) and the corresponding
hyperparameters are updated leveraging Gaussian and inverse-Gamma conjugacy.

In order to update the temporal grouping structuresin c;i,...,c;r, for j =1,...,p, along
with the parameters of the associated tRPM prior, let us first recall that the generic allocation
vectors c;;—; and cj; are compatible, with respect to 7y, if the partition of the n countries
encoded within cj; may be derived from the one associated with c;,_; by reallocating only
those countries for which v;;; = 0. Given c;j;_; and =j;, define with C(c;¢—1,7;) the set
comprising all partitions ¢ induced by cj; that are compatible with c;;_;, under ~;;, and

let 'y ={i =1,...,n: v = 1} be the set of countries whose group allocation does not
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change from ¢t —1 to t. Furthermore, let us denote with @thjt the partition induced by cj;, but
considering only those countries with indexes in I';;. Then, leveraging the results in Page
et al. (2022), the full-conditional distribution for the latent indicators 7;;; is a Bernoulli
variable with probabilities
: (+3) (+1)
pr(yige = 1] =) = = 1l = | (16)
a; + (1 —ay)p(ei® [ n;)/plegi® | )

independently for each i = 1,...,n, 7 =1,...,pand t = 1,...,T, where 1[-] denotes the
indicator function, while th—i) =T\ {i} and ngi) = F§~t_i) U {i}.

P+ o
Note that in (1.6), the ratio p(c;/" | n;)/p(c;i* | n;) can be computed in closed-form

leveraging the results in Page et al. (2022) under the urn scheme of the CRP prior discussed
in Section 1.2. This is also a key to update the allocations c;j;; of those countries for which
vij¢ = 0; if the sampled ~;j is 1, then cije is kept fixed at the allocation drawn for 7 at
the pair (j,¢ — 1). To this end, let cly t ) be the vector of cluster allocations after removing

(7,]t k

the entry ¢;j;, and denote with c; ) the membership vector [cije, ..., Cijt = k..., Cnjt).

Furthermore, let K 7 be the total number of unique clusters in CS;Z and define with
r9) = log Mg — i Bcij/tj’tgj’( x) the partial residuals under model (1.1)—(1.3) without
considering the j—th spline. Then, leveraging the Bayes rule and the CRP urn scheme, we
have that the full-conditional distribution for those c¢;;; having v;;; = 0 is a categorical

variable with probabilities, for each k =1,..., K j(t_ D 1, given by

pr(cijt =k ’ —) X

(i) (esse=h) o 17
pr(cije = k | Cjt ) Leje € (C( Vi) HweX 45( m;t ﬁk]tg]( x);07),

for every i = 1,...,n, j =1,...,pand t = 1,...,T, where gb( mt — Brigi(x); 07) is the
den51ty, evaluated at rm Bkjtg]( x), of the zero—mean Gaussian distribution with variance

—1)

2 whereas, as discussed in Section 1.2, pr(c;j; = k | c ,1;) can expressed under the CRP

urn scheme as

(=4) (=)
—i Ny, kzl,,K ,
pr<cijt =k ’ Cg't )777j) X 7 (—9) "

where n,(g;tz ) denotes the size of the k—th cluster after removing unit i.
Given the samples of c;; and ~;;, for all t = 1,...7, the tRPM hyparameters «; are

updated from the full-conditional Beta distributions

n T n T
(aj | —) ~ Beta (aa YD Vi ba 0T = Y %’;’t) ,

independently for j = 1,...,p, whereas the CRP concentration parameters n;, j =1,...,p,

are updated following the data-augmentation scheme described in Escobar and West (1995).
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Once the group membership vectors c;i, ..., ¢;jp have been updated for each j = 1,...,p,

it is possible to sample the cluster-specific coefficients in 8%, for j = 1,...,p and t =

ts
1,...,T, along with the corresponding time-varying means in Jz/)j, for j=1,...,p. Combin-
ing prior (1.4) with the model (1.1)—(1.3), this can be accomplished by leveraging directly
Gaussian-Gaussian conjugacy. In particular, the full-conditional distribution for the generic
52;% is

(Bige | =) ~ NGz m 2. (1.8)
independently across every k = 1,..., K, j = 1,...,pand t = 1,...,T, where wer, =

1/82 4+ Yaer 2(®) Ciney—i(1/02), while nge = (Vje/02) + Sicey1(1/07) Cac it ().
Similarly, the full-conditional for each vector 1p; is

(¢j ’ _) ~ NT(Q;;TMJ;" QJ;% (19)

for j=1,...,p, with Q, = wj_zE‘l —|—5j_2diag(Kj1, ..., Kjr) and ny, = wj_QE_luj —1—5]-_2@,
where Bj is a vector of dimension 7" x 1 having generic ¢-th entry Zf;tl Brji-
To conclude the Gibbs-sampling routine it remains to update the variance parameters

o2, 1 =1,...,nin (1.1), along with (52 and w , j = 1,...,p, entering the priors in (1.4).

By condltlonmg on the quantities sampled in (1.7) and (1.8)—(1.9), the updates for these
variance parameters follow directly from inverse-Gamma conjugacy properties, thereby ob-

taining
T
(62 | =) ~ Inv-Gamma (ao +XT/2,b,+(1/2)Y. ST Tlogmiu — fit(x)]2> |

for every i = 1,...,n, with f;;(x) defined as in (1.2)—(1.3), and

(5? | =) ~ Inv-Gamma <a5 + ZtT K;i/2,bs + (1/2) Zt . Z (Brje — ¢jt>2) ;
(@? | =) ~ Inv-Gamma (a,, + T/2, by + (9; — ;) 7 (5 — p1)/2) |

for every j =1,...,p.

1.3.2 Monte Carlo Inference

Leveraging the samples produced by the Gibbs routine outlined in Section 1.3.1 posterior
inference on the quantities of interest proceeds via Monte Carlo. As discussed in Sec-
tions 1.1-1.2, within our context a primary focus is on inferring grouping structures among
countries induced by similarities among the corresponding mortality rates, and how these
group structures vary locally across ages and periods. This information is contained in the
posterior samples of the allocation vectors ¢;; for j = 1,...,pand t = 1,...,7T, which we
summarize through the n xn posterior co-clustering matrices f’jt, j=1....p,t=1,...,T,

whose generic element f’jt[i7i/] is defined as the relative proportion of Gibbs samples in which
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countries ¢ and ¢ have the same group allocation, at the pair (j,¢). This provides an esti-
mate of the posterior probabilities of co-clustering that is useful for quantifying uncertainty
incj forj=1,...,p,t=1,...,T, beyond single point estimates. As such, these matrices
will be object of study in the mortality data application in Section 1.5.

When a single point estimate ¢;; of ¢;j; is of interest foreach j =1,...,pandt =1,...,T,
the above posterior co-clustering matrices can be summarized under the decision-theoretic
framework of Wade and Ghahramani (2018) to obtain the estimate

¢ = argmin B¢, [Vi(cj, ) [logm], j=1,...,p, t=1,...,T,

/
Cjt

where log m is the array of log-mortality rates observed for the n countries across all ages and
periods, whereas VI is the variation of information distance (Meila, 2007), namely a metric
measuring the dissimilarity among two generic allocation vectors ¢;; and ¢}, based on the
associated individual and joint entropies. In practice, the above minimization problem is
solved, for each j = 1,...,p and t = 1,...,T, via R package mcclust.ext (Wade and
Ghahramani, 2018) leveraging, as input, the corresponding posterior co-clustering matrices
Pyj=1,...,pt=1,...,T.

Besides the grouping structures encoded in cji,...,c;p, for j = 1,...,p, it is also of
interest to study the trajectories f3;j1, ..., Bir of the B-splines coeflicients. Recalling (1.2),
these trajectories characterize the temporal evolution of the mortality levels for country ¢
at the age interval associated with the j—th spline. Posterior samples for these coefficients
can be derived directly from those for c;; and B, after noticing that, under (1.3), By, =
ﬁ;jtjt, foreveryi=1,...,n,7=1,...,pand t =1,...,T. As such, point estimates for the
dynamic country-specific B-spline coefficients can be derived via Monte Carlo by computing

the average of the resulting samples for each B;;;, 7 =1,...,n,7=1,...,pandt=1,...,T.

1.4 Simulation Study

Before employing the proposed model in the motivating mortality data application, we
first assess its performance in recovering the true data-generative structures in a simulation
study. Recalling Sections 1.1-1.3, the overarching focus is on quantifying to what extent
the proposed model can learn accurately realistic grouping structures that vary locally,
along with the associated cluster-specific parameters, in different combinations of ages and
periods.

Consistent with the above goal, we simulate synthetic log-mortality rates, under the
model outlined in (1.1)—(1.3) focusing on n = 5 countries across 1" = 10 periods and for ages
X ={0,1,...,100}. More specifically, log m,; are simulated as in (1.1) with o; = ¢ = 0.05,
for i = 1,...,5, and fi(x) defined through (1.2)—(1.3) considering p = 6 quadratic B-

splines whose cluster-specific coefficients are generated via (1.4), setting §; = 0.05 for j # 5,

19



1.4 Simulation Study LocAL CLUSTERING OF MORTALITY SURFACES

Countries

Figure 1.2: Cluster assignments in the simulation study. Colors and numbers represent true cluster
memberships.

05 = 0.1, and letting 4p;, j = 1,..., p correspond to parallel decreasing lines with slope —0.02.
To assess the ability of the proposed model in inferring complex local group structures among
countries, we do not produce c;i, ..., cjig, for j = 1,...,6 from the assumed prior. Rather,
we set the group allocations manually as in Figure 1.2, in order to explore a wide spectrum of
time-varying local clustering patterns. For example, for the age classes associated with the
spline bases 3 (top-right panel) and 4 (bottom-left panel) the synthetic countries are grouped
into stable clusters across time, albeit with differing co-clustering patterns. Conversely, the
remaining spline bases exhibit more complex dynamic clustering patterns (see, e.g., spline
basis 6 where the synthetic countries often change cluster membership).

Leveraging the above simulated data, we perform Bayesian inference under the model
proposed in Section 1.2, setting diffuse hyperparameters a, = b, = 1073, as = bs = a,, =
b, = 1072, a, = 2-107%b, = 107 and a, = 1, b, = 1. Consistent with standard
practice in Gaussian processes literature (see, e.g., Williams and Rasmussen, 2006), the
entries of 3 in (1.4) are defined through a squared-exponential kernel with length scale

1.5, i.e. Xy = exp[—0.5(t — t')?/(1.5)?], for every (¢,t'). Finally, to achieve an improved

calibration of the proposed model, the mean vectors p; = [ftj1,. .., 1107, 7 = 1,...,6, in
(1.4) are defined in a data-driven manner. This is accomplished by first obtaining, separately
for every t = 1,...,10, an OLS estimate of the splines coefficients under model (1.1) applied
to data logmis, @ = 1,...,5, & = {0,1,...,100}, with fi,(t) = ¥°_, B9;(x). For each
J = 1,...,6, the resulting estimates 3;1,..., 810 are subsequently smoothed via LOESS to
obtain the desired data-driven specification for the entries fi;1,..., 10 of p;. All these

settings and hyperparameter choices proved robust also in the mortality data application in
Section 1.5, and moderate changes in such quantities did not substantially affect the final

conclusions and the performance in the simulation. Under the above settings, posterior
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t=1 t=2 t=3 t=4 t=5 t=6 t=7 t=8 t=9 t=10

Spline 1 (j=1) 0.991 0.998 0.999 0.995 0.976 1.000 1.000 1.000 1.000 1.000
Spline 2 (j=2) 0.995 0.999 0.999 1.000 0.998 0.991 0.999 1.000 1.000 0.995
Spline 3 ( =3) 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000 1.000
Spline 4 (j=4) 0.991 1.000 0.999 1.000 0.997 1.000 1.000 0.999 0.987 0.990
Spline 5 (j =5) 0.996 1.000 1.000 1.000 0.994 0.997 1.000 0.999 0.999 0.993
Spline 6 (j =6) 0.914 0.897 0.968 0.969 0.982 0.979 0.983 0.983 0.989 0.990

Table 1.1: Simulation study. Posterior means of co-clustering accuracies for each combination (j,t).

inference for the proposed model proceeds via Monte Carlo as outlined in Section 1.3.2,
leveraging the samples produced by the Gibbs routine derived within Section 1.3.1. Such
a routine is run for 20,000 iterations, discarding the first 10,000 as a conservative burn-
in. Traceplots and autocorrelation plots indicate satisfactory mixing of the chains. In
fact, in this simulation study we observe convergence much before the burn-in employed.
Nonetheless, we opted for a more conservative setting that can be considered as a default
in general contexts, including in the motivating mortality data application in Section 1.5.
Consistent with our overarching focus, we first assess in Table 1.1 to what extent the
proposed model is able to learn the true clustering structures displayed in Figure 1.2 among
the 5 synthetic countries. To provide a comprehensive assessment of the clustering accuracy
achieved by the posterior for ¢;i,...,¢j10, j = 1,...,6, beyond the one obtained under a
single point estimate, we compute, for each Gibbs sample of ¢, t =1,...,10, 7 =1,...,6,
the percentage of pairs of countries that are correctly co-clustered. The posterior means of
these percentages over the 10,000 retained samples is reported in Table 1.1, and confirm the

excellent performance of the proposed model in recovering the co-clustering patterns induced

Country 1 Country 2 Country 3

Country 4 Country 5

Coefficients

-2
/—N._ /‘—‘—g\A M spinel  Spiine3 [ Spiines
-3 Spline 2 Spline 4 Spline 6

-4
6 -5
i 2 3 4 5 6 7 8 9 10 1 2 3 4 5 6 7 8 9 10
Time
Figure 1.3: Simulation study. Posterior means of B;j1,. .., 310 (lines) and true values (points) for each
country ¢ =1,...,5 (panels) and basis function g;(x), j =1,...,6 (colors).
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by the true group structures within Figure 1.2. In particular, the accuracy measures are
above 0.975 for all spline bases and time points, except for 6-th one where we observe a
slight performance deterioration. This result is expected since such a basis presents the most
complex clustering patterns, with frequent changes in group memberships for all countries.
Nonetheless, even in this highly challenging regime, we still observe remarkable performance
with all accuracy measures across time points above 0.89. As shown within Figure 1.3, the
above remarkable performance in learning local clustering structures directly translates
into highly accurate point estimates for the country-specific coefficient trajectories 3;;1 =

%1]1, oy Bijio = 50”10]10, 1=1,...,5 j5=1,...,6. These point estimates are obtained as
detailed in Section 1.3.2, and compared with the associated true values within Figure 1.3.
Results confirm the ability of the model to characterize the underlying trajectories of each
spline coefficient accurately, even for complex underlying temporal dynamics. Under (1.1)—
(1.3), this implies effective learning of the data-generative mechanism for the synthetic

log-mortality rates.

1.5 Local Clustering of Age-Period Mortality Surfaces

for 14 Countries

We conclude by showcasing the performance of the proposed model in learning local clus-
tering structures across ages and periods induced by the log-mortality rates of 14 countries
(Australia, Belgium, Canada, Switzerland, Denmark, Spain, Finland, France, Italy, the
Netherlands, Norway, Sweden, the United Kingdom and the United States). The original
data log m;, are retrieved from the Human Mortality Database (Human Mortality Database,
2024) for ages from 0 until 98 years old, over a time horizon of 88 years (1933-2020).

In applying the proposed model to the above data we follow standard practice in multi-
country studies (e.g., Li and Lee, 2005; Aliverti et al., 2022) by considering separate analyses
for male and female sub-populations. Posterior inference proceeds under the same hyper-
parameters and Gibbs settings as those considered for the simulation studies in Section 1.4,

except for the choice of the B-spline bases that are set as in Figure 1.4 to achieve a more

El--.--- (46] [55] ------EBEE
Figure 1.4: Graphical representation of the selected B-splines bases g1 (), ..., ga0(x). The number asso-

ciated with each spline g;(x) denotes the age at which such a spline takes its maximum value.
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realistic characterization of the observed age patterns of mortality. This choice allows in-
creased flexibility in those age ranges where larger local variations are expected (i.e., infant
and senescent groups) and has proved effective also in recent single-country analyses (e.g.,
Pavone et al., 2024), thereby motivating its use also in the newly-developed multi-country
model. Asin the simulations studies, the traceplots for the quantities of interest and the con-
vergence diagnostics did not provide evidence against convergence. Section 1.5.1 summarizes
the results of posterior inference under the proposed model, whereas Section 1.5.2 highlights
previously-unexplored local clustering structures with a specific focus on the United States.
Finally, Section 1.5.3 explores possible associations between the novel co-clustering patterns
inferred by the proposed model and relevant socio-economic variables, including the gross
domestic product (GDP) and health expenses.

1.5.1 Results

Figure 1.5 shows the evolution of posterior means for the number of clusters inferred by
the proposed model across the age intervals associated with the 20 spline bases within
Figure 1.4, over the temporal window analyzed. Such a quantity is generally stable for both
infant mortality (age 0) and adult/elder mortality (from age 60 to 90). Instead, considerable
variability in the number of clusters is observed for children and adolescents (from age
1 to 25) and late mortality (from age 91), with different patterns. Besides supporting
the need of allowing the group structures among countries to vary locally with ages and
periods, these trends can be interpreted as a measure of variability in mortality rates across
countries, with larger number of groups corresponding to age intervals where the different

countries display higher dissimilarities over periods. Consistent with this interpretation,
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Figure 1.5: Time trajectories for the posterior mean of the number of clusters at the age intervals associated
with the 20 selected B-spline bases.
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Figure 1.6: Observed male infant log-mortality rates for Italy (ITA), Sweden (SWE), the United Kingdom
(UK) and the United States (Usa) (left), and estimated dynamic co-clustering probabilities for the corre-
sponding pairs (right).

the results in Figure 1.5 suggest that senescent mortality is characterized by an increasing
level of similarity among countries over the recent years, whereas child mortality exhibits
an opposite trend after the early 1960s, indicating a divergence among countries that might
have been driven by social phenomena such as the baby boom. Overall, males and females
are characterized by similar patterns, with few notable exceptions. The number of clusters
for elders (ages 91-98) converges to few groups for both sub-populations, although males
are generally characterized by higher dissimilarities among countries since the first period
under investigation. It is also interesting to notice how the mortality of young and adult
males (age 16-40) is affected by World War II during the 1940s and reaches a plateau only
after the peak associated with the military services.

The ability of the proposed model to effectively capture local clustering patterns is
illustrated in Figure 1.6, where the observed infant log-mortality rates in Italy, Sweden, the
UK and the USA are compared with the corresponding probabilities of co-clustering estimated
from the samples of the Gibbs algorithm presented in Section 1.3.1. This specialized analysis
is useful to further illustrate the main advantages of the newly-proposed approach and its
implications for the global characterization of mortality rates. In particular, the right panel
of Figure 1.6 indicates a fluctuating probability of co-clustering between the UK and the
USA (bottom row), with larger values before 1940, in the early 1950s, and more recently
from 1970 to 1980, in agreement with the observed trends of mortality rates reported in
the left panel. Evidence of co-clustering is observed also for Italy with both the UK and
the USA around the 1980s. In contrast, Sweden is characterized by a peculiar and separate
trajectory, that overlaps with Italy only in recent years (top row).

To fully explore the evolution of the local co-clustering patterns, beyond the above

specialized analysis, Figures 1.7a and 1.7b display the estimated co-clustering probabilities
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(b) Female population

Figure 1.7: Evolution of the estimated co-clustering probabilities for country pairs (rows) and years
(columns), over all age intervals (panels). Colors correspond to the estimated probabilities, and range from
blue (low) to red (high).
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across all pairs of countries, for males and females respectively. Both figures illustrate the
co-clustering probabilities for every B-spline basis (corresponding to a different age interval)
through a matrix with rows denoting all pairs of countries and columns referring to calendar
years. Colors range from blue to red as the estimated co-clustering probabilities vary from
0 to 1. The results in Figures 1.7a and 1.7b indicate, in general, an increasing overlap
among countries over periods in terms of the associated age-specific log-mortality rates.
Interestingly, evidence of increasing co-clustering is progressively more present both as time
advances and as the population ages, demonstrating a dual-directional reinforcement of these
similarities. For instance, in the eldest age interval (96-98) of the male sub-population, the
proportion of country pairs with a high probability of co-clustering has steadily risen in
recent years, forming a distinct block of countries with large probabilities of co-clustering
in the bottom-right panel of Figure 1.7a. Such compression is stronger for older ages,
with young age classes demonstrating smaller probabilities of co-clustering than elder ones.
Furthermore, this phenomenon finds empirical evidence in both the male (Figure 1.7a) and
female (Figure 1.7b) sub-populations, thereby supporting previous findings on demographic
convergence (e.g., Vaupel et al., 2011; Wilson, 2011).

Focusing on child mortality, the younger age classes (from age 1 to 19) showcase a neat
temporal pattern, with most of the co-clustering concentrated between the late 1950s and
the early 1980s. This behavior is coherent with the evolution of the number of clusters in
Figure 1.5, and suggests that the countries under investigation have been characterized by
different levels of child mortality until World War II, followed by the rapid improvement of
mortality rates in the early 1960s that created few common clusters with similar mortality
patterns. After the 1980s, the co-clustering structures become more irregular and countries
deviate to more individual trends. This finding is worth future investigations.

The co-clustering patterns among countries for adult mortality are reported within the
third row of Figure 1.7a and Figure 1.7b, and generally show a common diagonal structure
with some groups of European countries experiencing important changes of cluster mem-
bership around the 1980s. This phenomenon can be more clearly appreciated, for the male
sub-population, in the left panel of Figure 1.8, which reports the estimates of the dynamic
spline coefficient associated with the ages 61-79. Such estimates show how the Nether-
lands and Denmark are characterized by low mortality rates until the 1970s, while Belgium,
Finland and the UK experienced some of the highest rates during that period. Later on,
mortality drops rapidly for most countries, whereas the Netherlands and Denmark experi-
ence increments that make these countries co-cluster with higher mortality ones. Structural
changes in cross-country relations characterize this period. The potential impact of such
changes is visible in the right panel of Figure 1.8, which displays the evolution of the spline
coefficient associated with the age interval 91-97, and illustrates that after 1970s mortality
levels of elder ages collapse into fewer clusters with stable trends for several years. On

the other hand, the initial high volatility of the age-specific log-mortality rates of the older
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Figure 1.8: Estimates of $14 and Bi9 (age classes 61-79 and 91-97) in the male population.

populations is echoed by the estimates of the cluster-specific parameters, whose variability
is implied by small cluster sizes, as depicted in Figure 1.5.

To further study the similarity between the group structures among countries inferred
for the male and female log-mortality rates, we have also computed the normalized variation
of information distance (NVI) (e.g., Wade and Ghahramani, 2018) among the group mem-
bership vectors estimated for these two sub-populations. Overall, the similarity between
the partitions is more evident for the two youngest age classes (0 and 1-4), with values of
the NvI below 0.44 and 0.58, respectively, throughout the entire time window. For example,
female infant mortality in 2020 is divided into four groups. The first comprises the USA,
the second Canada, the third Central European countries (Belgium, Switzerland, Denmark,
France, the Netherlands and the UK) and Australia, and the fourth encodes both Mediter-
ranean Europe (Italy, Spain) and Scandinavian countries (Finland, Norway, Sweden). The
corresponding partition for the male sub-population consists, instead, of five groups, with
the same first three as for the female sub-population, and the remaining two obtained by
splitting Mediterranean Europe and Scandinavia into two separate clusters. More remark-
able differences between male and female sub-populations are observed among middle-aged
individuals, with NvI values above 0.5 after the 1960s. Interestingly, for the elderly pop-
ulation, a trend of increasing similarity started in the late 1980s, mirroring the patterns
observed for young ages. Overall, these trends reflect a progressive convergence of mortality

patterns across countries (Vaupel et al., 2011) for both males and females.

1.5.2 A Specialized Focus on the United States

We devote here special attention to the analysis of the co-clustering probabilities between the
USA and the other countries, estimated under the proposed model. This specialized focus is

motivated by the fact that the USA has exhibited peculiar patterns in recent years, with rising
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mortality rates among certain demographic groups and a decline of life expectancy (see,
e.g., Bergeron-Boucher et al., 2020; Case and Deaton, 2021; Glei, 2022). This phenomenon
has been extensively studied in the literature, with a general consensus attributing these
unexpected mortality increments to factors such as persistent disparities in healthcare access,
increasing suicide rates, and more recently, to the opioid epidemic (see, e.g., Woolf and
Schoomaker, 2019). To complement and extend these findings, it is therefore particularly
interesting to study how the USA co-clusters with the other countries under investigation in
terms of mortality rates.

Consistent with the above goal, Figure 1.9a displays the dynamic probabilities of co-
clustering among the USA and the other countries at selected age intervals for the male
sub-population, estimated under the proposed model. The results in Figure 1.9a point
toward a persistent co-clustering among the USA and Finland. This finding indicates strong
similarities in terms of premature male mortality and can be attributed to suicide incidence
and cardiovascular diseases. Indeed, although Scandinavian countries provide universal and
publicly funded welfare systems for all citizens, significant disparities still persist across
the socio-economic spectrum due to the so-called “Nordic Paradox” (see, e.g., Mackenbach,
2017; Hgjstrup et al., 2023). As such, Figure 1.9a suggests that the “death of despair”
phenomenon in the USA (e.g., Case and Deaton, 2021; Glei, 2022) might have interesting
similarities with the “Nordic Paradox”.

Focusing on the female sub-population, Figure 1.9b provides evidence of a relatively
persistent co-clustering among the USA and Denmark females at adult ages, varying across

time and with age intervals. Such a peculiar result should be further investigated, since
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Figure 1.9: Estimated dynamic co-clustering probabilities between the USA and the other countries, for
selected age intervals. Colors range from light to dark as the probability varies from low to high.
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the interwar generation of Danish females represents a relevant demographic group that
comprises cohorts who experienced a distinctive stagnation in life expectancy, resulting in
a divergent trajectory compared to other Scandinavian countries (Lindahl-Jacobsen et al.,
2016). As such, recent improvements in life expectancy can be linked to a cohort effect
associated with this group that is visible also from the co-clustering patterns in Figure 1.9b.
Interestingly, Belgian females join these clusters in specific age groups and time periods;
a similar trend can be observed for UK at age 41-69. Such patterns might be related to
a higher proportion of diseases of the circulatory system for Belgian females (Bergeron-
Boucher et al., 2020) and to general declines in life expectancy in the UK (Ho and Hendi,
2018).

1.5.3 Associations Among Local Clustering Structures and Socio-

Economic Indicators

The results in Sections 1.5.1-1.5.2 showcase relevant co-clustering structures among coun-
tries. These structures display convergence phenomena over periods for specific age classes
(e.g., Oeppen and Vaupel, 2002), along with evidence of growing disparities for other ages.
Available studies suggest that such patterns are driven by socio-economic factors such as
quality of healthcare, education, and life standards (Marmot, 2005; Vallin and Meslé, 2004;
European Commission and Executive Agency for Health and Consumers, 2013).

To provide additional empirical support to the above studies, we conclude our analysis
by assessing to what extent the group structures inferred by the proposed model are asso-
ciated with relevant socio-economic indicators, covering, in particular, the per-capita gross
domestic product (GDP) in USD, unemployment rate, health expenditure (as the percent-
age of a country GDP), nutrition and child vaccination rates (against diphtheria, tetanus,
pertussis); refer to OECD (2024) for more details. Data on these indicators are available,
for all countries, across varying time periods. The earliest data for the GDP date back to
1970, whereas child vaccination rates and health spending are available starting from 1990.
Finally, data on nutrition quality and unemployment rate start from 2010. Following stan-
dard practice, the association between these socio-economic indicators and the clustering
structures among countries inferred by the proposed model is evaluated using the 7% € [0, 1]
coefficient, which quantifies the variability of each indicator between the inferred clusters
with respect to the total variability of such an indicator. Values of the n? close to 1 imply
that the group structures among countries learned on the basis of similarities in the associ-
ated mortality rates are also explicative of the variability for the indicator under analysis,
thereby suggesting possible associations. Notice that this measure does not inform on the
direction of such an association, nor on possible causal interpretations. Nonetheless, it offers
a sensible perspective for prioritizing specific indicators within explanatory studies on the

socio-economic determinants of multi-country mortality patterns. Moreover, we acknowl-
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edge that some of the socio-economic indicators may affect mortality patterns only after
some years, but the limited availability makes it difficult to carry out medium- to long-term
association analysis.

Figure 1.10 reports, for both the female and male sub-population, the posterior means
of the n? coefficients in matrix form. Rows correspond to the age intervals j = 1,...,p
associated with the different spline bases, columns to calendar years ¢t = 1,...,7T, and
panels to socio-economic indicators ¢ = 1,...,Q. To obtain these posterior means we
first compute the n? between each posterior sample of cj; = [cijt,. - ., Cnjt] and the vector
w? = [w? ... w?], with generic element w? denoting the value of the socio-economic
indicator ¢, for country 4 in period t. This produces posterior samples of the n? for each age
interval j = 1,...,p, period t = 1,...,T and socio-economic indicator ¢ = 1,...,Q. Aver-
aging over these samples yields the posterior means in the matrices in Figure 1.10, which
highlight a general concordance in the n? coefficients for the female and male sub-populations
with non-trivial associations between the inferred clusters and the socio-economic indicators
analyzed, particularly at young ages, and with different patterns across calendar years. For
example, nutrition, GDP, health spending and unemployment rate appear to be associated
with mortality clusters through a lower-diagonal cohort structure spanning a large spectrum
of age classes, from childhood until young-adults and adults. This suggests that past in-
centives have had a lasting impact on specific cohorts, ultimately improving the lifespan of
individuals who directly benefited from these initiatives. Not surprisingly, child vaccination
rates and nutrition are generally less associated with clusters observed at age 0. In fact,

such interventions cannot prevent neonatal and infant mortality, which are caused by specific
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Figure 1.10: Posterior mean of n* coefficients between selected socio-economic indicators and the inferred
mortality-based clusterings in the female and male sub-populations.
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factors (such as birth defects, sudden infant death syndrome or accidents; see MacDorman
et al., 2013; Eberstein et al., 1990). Instead, these indicators show a stronger association
with the inferred clusters from age 1 until late adolescence, consistent with the protective

effects of vaccination and proper nutrition in such ages.

1.6 Conclusions and Future Research Directions

Available statistical models for mortality data are either designed for analyzing single coun-
tries in isolation or for inferring global group structures among multiple countries with
respect to the entire age-period mortality surface. This perspective prevents from unveiling
more nuanced similarity patterns that are observed in practice over specific combinations
of ages and calendar years, thereby limiting the possibility to learn and quantify relevant
demographic phenomena localized at specific age classes and periods.

In this work, we overcome the above limitations through a novel multi-country model
that characterizes the age pattern of mortality via a flexible B-spline expansion, and incor-
porates both temporal and age-specific clustering structures by allowing the coefficients of
the B-spline bases to change in time via separate temporal random partition priors with
cluster-specific Gaussian processes regulating the dynamic evolution of such coefficients.
The resulting Bayesian formulation is amenable to tractable posterior inference via a Gibbs-
sampling algorithm that facilitates interpretable reconstruction of group structures among
countries, varying locally with both ages and periods. The unique advantages of the newly-
proposed model are illustrated in simulation studies and in an application to mortality
data for 14 OECD countries, where our formulation unveils fundamental local clustering
structures, including unexplored ones that motivate future research in the area. For exam-
ple, the in-depth analysis of the USA clustering patterns in Section 1.5.2 reveals distinctive
similarities with specific Scandinavian countries for adult populations. In particular, the
persistent similarity with Danish female log-mortality rates motivates further investigation.
This sub-population is known to have exhibited distinctive mortality behavior due to sig-
nificant smoking prevalence during World War II. Furthermore, the inferred associations
between the local clustering patterns reconstructed by the proposed model and relevant
socio-economic indicators (see Section 1.5.3) highlight remarkable cohort effects that are
worth future analyses.

Future research includes applying the proposed model to a broader range of countries,
while refining the analysis on the association among the group structures induced by mor-
tality patterns and central socio-economic indicators. Both perspectives require overcoming
challenges related to the availability of historical data. In fact, the 14 countries considered
in this work are the only ones providing mortality rates that date back to our study period;
analyzing more countries would imply constraining the analysis to narrower time windows.

Improving inference on the associations with socio-economic indicators would require, in-
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stead, including such information directly within the proposed model. A possible direction
for addressing this goal is to combine the tRPM prior with a reinforcement mechanism favor-
ing the formation of local clusters that are homogeneous also with respect to the associated
socio-economic indicators. This could be accomplished by extending the combination among
product partition models with covariates (Miiller et al., 2011) and tRPM priors proposed in
Page et al. (2022) to the case of dynamic covariates. Lastly, it might be worth consider-
ing a more flexible specification that incorporates country-age- (and potentially also year-)
specific variances o;, (or g;,;) of the log-mortality rates, which would allow to account for
the dynamic size of the exposed population. However, this would require a larger number
of parameters, which could be addressed by exploring a lower-dimensional specification.
Finally, let us emphasize that although our model is motivated by demographic applica-
tions, the constructions and results in Sections 1.2—-1.3 have broader methodological impact,
and can be applied whenever interest lies in the detection of localized overlaps among sur-
faces associated with different populations. To our knowledge, methodological results in

these directions are limited.
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Chapter 2

Dependent Stochastic Block Models
for Sequences of Directed Networks
with Application to Causes of Death

Co-0Occurrences

JOINT WORK WITH C. CASTIGLIONE AND D. DURANTE

2.1 Introduction

Although demographic research has traditionally focused on investigating mortality phe-
nomena via overall longevity indicators (e.g., Canudas-Romo, 2010; Van Raalte, 2021),
recent state-of-the-art studies have suggested that a comprehensive understanding of the
core determinants behind modern mortality trends necessarily requires a finer-scale anal-
ysis disaggregating such trends across causes of death (e.g., Egidi et al., 2018; Woolf and
Schoomaker, 2019; Canudas-Romo et al., 2020; Bergeron-Boucher et al., 2020; Mehta et al.,
2020; Grippo et al., 2020; Stefanucci and Mazzuco, 2022; Trias-Llimé6s and Permanyer, 2023;
Calazans and Permanyer, 2023). Besides yielding a deeper understanding of mortality pat-
terns, these analyses are also of paramount importance to devise innovative policies in public
health, and evaluate the corresponding effects across multiple, often interrelated, causes of
death (e.g., Aburto et al., 2018; Bergeron-Boucher et al., 2020).

The relevance of the above endeavor combined with the availability of increasingly-refined
data resources (see, e.g., the “WHO Mortality Database”, the “Human Causes of Death Data
Series®, the “Global Burden of Disease®, and the “Us National Center for Health Statistics®),
has produced an unprecedented understanding of modern mortality trends that lacked a
clear explanation under classical studies focused on aggregated longevity indicators. These
advancements have been achieved through the design of inference and predictive methods

for the compositions, determinants, diversification and trends of either the underlying cause
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of death (i.e., “the disease or injury which initiated the chain of events leading directly
to death® (World Health Organization, 2016)) (see, e.g., Foreman et al., 2018; Bergeron-
Boucher et al., 2020; Mehta et al., 2020; Stefanucci and Mazzuco, 2022; Depaoli et al.,
2024; Ahmad et al., 2024; Huynh and Ludkovski, 2024) or multiple causes of death (McoD),
comprising both the underlying one and its contributing causes (i.e., “all other significant
conditions contributing to death but not resulting in the underlying cause“ (World Health
Organization, 2016)) (see, e.g., Désesquelles et al., 2010, 2012, 2014a; Moreno-Betancur
et al., 2017; Egidi et al., 2018; Grippo et al., 2020; Trias-Llimés and Permanyer, 2023; Bishop
et al., 2023; Grippo et al., 2024). Recalling the comprehensive review by Bishop et al. (2023),
among these two perspectives, the second has been object of increasing interest in the recent
years since it aligns more closely with the fact that death events are commonly associated
with complex systems of multiple interrelated causes, rather than a single one in isolation
(e.g., Israel et al., 1986; Redelings et al., 2006; Désesquelles et al., 2014a; Trias-Llimés and
Permanyer, 2023). As a consequence, MCOD analyses have potential to provide more refined
and realistic understanding of modern mortality patterns, while opening the avenues to
study the higher-level system of relational structures among underlying and contributing
causes, along with its changes across age classes.

Leveraging the available data from death certificates, the aforementioned relational sys-
tem can be naturally represented via a sequence of networks whose directed edges measure,
for each age class, the strength of the co-occurrence relation “cause ¢ appears as the under-
lying of the contributing cause j”. However, despite its potential in unveiling yet-unexplored
relational structures among causes of death with promising policy impact (e.g., Désesquelles
et al., 2010, 2012, 2014a), this network perspective has been mostly overlooked in MCOD
studies. As discussed in the following, a key barrier toward advancing along this direction
can be found in the lack of suitable statistical models capable of uncovering relevant and
interpretable structures that drive the formation and evolution of the complex co-occurrence
patterns among underlying and contributing causes of death, across ages. In fact, similarly
to epidemiology studies of co-morbidity networks (e.g., Jeong et al., 2017; Fotouhi et al.,
2018; Jones et al., 2023), current network-based MCOD analyses (e.g., Egidi et al., 2018;
Ukolova and Burcin, 2023) rely on traditional summary measures applied to simplified ver-
sions of the original data, which specialize the analysis to a single age class and do not
consider the distinction between underlying and contributing causes. Therefore, although
these contributions have the merit of showcasing the potential of the network perspective
within MCOD studies, the resulting findings are descriptive in nature and do not inform on
how relational structures among underlying and contributing causes vary across ages.

As showcased in our application to USA mortality data in 2019 (see Sections 2.1.1 and 2.5),
overcoming the above limits necessarily requires a model-based perspective capable of ac-
counting for the full complexity of causes-of-death co-occurrence patterns across several

dimensions, while quantifying uncertainty in the inferred structures behind these observed
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patterns. Advancements along these lines are not only essential to possibly refine current
health care investment policies in a phase characterized by a higher diversification, increas-
ing complexity and lower predictability of multiple causes-of-death landscapes (see, e.g.,
Bergeron-Boucher et al., 2020; Trias-Llimés and Permanyer, 2023), but could also help in
resolving recent debates on the determinants behind modern mortality trends. A relevant
one, which motivates our focus on USA causes-of-death data, revolves around the recent stag-
nation in the USA life expectancy (e.g., Woolf and Schoomaker, 2019; Mehta et al., 2020;
Case and Deaton, 2021). While such a stagnation has been attributed to a growing mid-life
mortality, the determinants underlying this mortality increment have generated a debate
around different views that either support causes such as drug overdoses, alcohol abuses
and suicides (“death of despair”) (e.g., Woolf and Schoomaker, 2019; Case and Deaton,
2021) or identify cardiovascular diseases as main drivers (e.g., Mehta et al., 2020). Albeit
different, both views arise from the study of underlying causes. Hence, as illustrated in
Section 2.5, the current debate can find a consensus under a refined model-based analysis of
causes-of-death networks that is capable of inferring age-specific block interactions among
endogenous groups of underlying and contributing causes displaying similar co-occurrence
patterns. These inferred clustering structures and the associated block interactions might,
in fact, unveil unexplored modules among seemingly unrelated causes that were object of
past debates. In addition, as illustrated within Figure 2.5, such a perspective yields an inter-
pretable reconstruction of complex modules in causes-of-death networks that unveil within-
and across-group diversification structures in both underlying and contributing causes, along
with the associated changes at different age classes. This is a key to shift the focus of current
investment policies away from targeting a single underlying cause with a high prevalence in
the population and toward jointly prioritizing internally-homogenous groups of underlying
and contributing causes characterized by remarkable modular co-occurrences at given age
classes.

Motivated by the above endeavor, we generalize stochastic block model (SBM) represen-
tations (e.g., Holland et al., 1983; Nowicki and Snijders, 2001) to learn informative structures
in age-indexed sequences of categorically-weighted directed networks among underlying and
contributing causes of death. As clarified in Sections 2.2-2.3, the proposed formulation (i)
learns two separate group structures for underlying and contributing causes, respectively,
(ii) allows these structures to change smoothly across age classes via dependent random par-
tition priors (Page et al., 2022) further informed by external macro-classifications of death
causes through product partition models (Miiller et al., 2011), (iii) automatically estimates
the number of groups for each network in the sequence, (iv) accounts for flexible block inter-
actions among these inferred groups and (v) facilitates principled uncertainty quantification
and inclusion of expert knowledge under a Bayesian approach to inference.

Although classical sBMs have witnessed effective extensions in several directions over the

recent years, a flexible formulation addressing (i)-(v) within a single construction is lack-
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ing in the literature. In fact, while state-of-the-art dynamic stochastic block models could
be possibly adapted to our motivating application by replacing time with age, available
formulations (e.g., Ishiguro et al., 2010; Yang et al., 2011; Xu and Hero, 2014; Xu, 2015;
Matias and Miele, 2017; Pensky and Zhang, 2019; Goto et al., 2021) are not designed to infer
two separate partitions for the rows and columns of the adjacency matrices characterizing
the observed directed networks. Furthermore, these models lack strategies to inform such
grouping structures by external node attributes, often focus on binary edges, and generally
cannot learn automatically the number of groups for each network in the sequence. While
these issues have been addressed separately in the literature (e.g., Tallberg, 2004; Kemp
et al., 2006; Mariadassou et al., 2010; Rohe et al., 2016; Zhang et al., 2016, 2022; Geng
et al., 2019; Legramanti et al., 2022; Durante et al., 2025), the overarching focus of avail-
able contributions has been on static, single-network, settings, rather than on sequences of
networks indexed by an ordered covariate (e.g., time or age).

The importance of covering the above methodological gap is illustrated through realistic
simulation studies in Section 2.4, where the model we propose in Sections 2.2—2.3 is shown to
outperform and extend the inference potential of state-of-the-art dynamic sBMs that could
be possibly employed in the applied settings motivating our contribution. These advantages
are strengthened in the application to USA mortality data within Section 2.5. In this case,
our model unveils yet-unexplored structures in the composition, evolution, diversification
and modular interactions among underlying and contributing causes-of-death groups that
were hidden to previous demographic studies. Such findings may have important policy
implications and open the avenues to achieve a more comprehensive understanding of the
determinants underlying the recent stagnation in the USA life expectancy (e.g., Woolf and
Schoomaker, 2019; Mehta et al., 2020; Case and Deaton, 2021). Concluding remarks can be

found in Section 2.6.

2.1.1 USA Causes of Death Data

As anticipated in Section 2.1, our motivating application arises from the attempt to unveil
higher-level and more nuanced determinants behind the alarming stagnation in the UsA life
expectancy (e.g., Woolf and Schoomaker, 2019; Mehta et al., 2020; Case and Deaton, 2021)
through a novel perspective that avoids overly-simplified analyses of the underlying cause
of death, but rather studies the complex interaction systems among multiple, interrelated,
causes.

To this end, we focus on age-indexed sequences of co-occurrence networks among un-
derlying and contributing causes extracted from the ~ 2,860,000 death certificates recorded
in the usA for 2019 (see https://wonder.cde.gov/med-icd10.html). Such certificates are is-
sued as part of the National Vital Statistics System maintained by the National Center
for Health Statistics (NCHS), and document, for each death event, key demographic infor-

mation, such as gender and age, alongside a single underlying cause and its contributing
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ones. All these causes are identified according to the International Classification of Dis-
eases (ICD) system (now in its 11th revision), which employs different levels of granularity,
ranging from a single alphabetic character associated with broad macro-categories, to the
finest-scale seven-character code that identifies highly-detailed sub-categorizations for each
cause. Such a latter classification yields thousands of mortality factors, with a large por-
tion comprising extremely-specific and highly-rare causes. For this reason, and consistent
with our overarching focus, we consider the classification based on the first two characters
of the 1CD codes, upon discarding never-observed causes and those not related to diseases
and pre-existing medical conditions (i.e., injuries and external). This choice yields a total
of n = 139 causes under analysis, thereby achieving an effective balance between overly-
aggregated studies that fail to unveil nuanced patterns, and excessively-fine classifications
which do not facilitate interpretable analyses and may be more prone to reporting issues due
to increased challenges in disentangling highly-similar causes (e.g., Redelings et al., 2007;
Désesquelles et al., 2010, 2012, 2014a; Bishop et al., 2023). Leveraging routine practice in
demographic studies (see, e.g., Désesquelles et al., 2010; Lozano et al., 2012; Trias-Llimds
and Permanyer, 2023; Depaoli et al., 2024), we further stratify the data by age classes de-
fined as [0, 1], (1, 10], (10,20], ..., (90, 100], where the first group accounts for the peculiar
patterns associated with infant death events.

Leveraging the above stratifications of the death certificates together with the causes-of-
death classification considered, it is thus possible to record, for each age class x, the total
number of certificates that have cause i as the underlying of the contributing j, for every
1=1,...,nand j = 1,...,n. While these pairwise counts already yield a sequence of causes-
of-death co-occurrence networks across ages, we opt for analyzing a discretized version of
such directed networks which classifies the original counts into four interpretable levels,
defined as absent (0), rare (1-10), present (11-100), and frequent (>100). This choice is
motivated by two main reasons. First, it facilitates interpretation by providing policy experts
with findings based on a simple and intuitive four-level measure of co-occurrence strengths
among causes of death. Second, it is beneficial in reducing the noise and partial distortions
that may arise from the aggregation of hundreds of thousands of death certificates compiled
by different specialists across USA in a year. Note that, although different thresholds may
be considered, those we identify are based on the analysis of the empirical distribution
of the co-occurrence counts, whose median across ages and causes-of-death pairs is ~ 15.
This motivates our focus on multiples of 10, which proved also robust when considering
other connectivity measures among causes of death that normalize the pairwise counts with
respect to the degree of appearance of the associated causes within the certificates (e.g.,
Hidalgo et al., 2009; Chmiel et al., 2014; Fotouhi et al., 2018); see Section 2.6.

Figure 2.1 illustrates the adjacency matrices associated with the resulting networks un-
der analysis, at selected age classes, for both the male and female populations. To provide

preliminary quantitative evidence that supports the model developed in Sections 2.2-2.3,
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Network sequence over selected age classes for the male population

30-40 40-50 50-60 60-70

Cco-occurrence

strength
. absent
Network sequence over selected age classes for the female population MW rare
30-40 40-50 50-60 60-70 M present
1 frequent

Figure 2.1: For the male and female populations, graphical representations of the adjacency matrices
associated with the cause-of-death networks studied, at four selected consecutive age classes. In each matrix,
rows (underlying causes) and columns (contributing causes) are re-ordered according to the two group
structures identified by a basic hierarchical clustering algorithm. Such an algorithm is applied separately
to the two dimensions of each adjacency matrix leveraging the Hamming distance (Hamming, 1950) as a
measure of dissimilarity among rows and between columns, respectively.

the entries of each matrix are re-ordered to highlight the row and column groups learned by
a basic hierarchical clustering algorithm (see the R library pheatmap). This algorithm is ap-
plied separately to the two dimensions of each adjacency matrix, corresponding, respectively,
to underlying (rows) and contributing (columns) causes, and employs the Hamming distance
(Hamming, 1950) as a measure of dissimilarity among the rows and between the columns,
respectively. As shown in Figure 2.1, there is a clear evidence of block co-occurrence struc-
tures in the directed causes-of-death networks under analysis. These blocks are induced by
group patterns among rows and between columns that cannot be assumed equal, but rather
should be studied as two separate partitions. Furthermore, albeit estimated separately for
each age class, such partitions seem to vary smoothly across consecutive ages in the observed
networks.

The above preliminary quantitative findings motivate the dependent SBM for age-indexed
sequences of directed causes-of-death networks developed in Sections 2.2-2.3. In fact, while
the results in Figure 2.1 already provide relevant insights, basic hierarchical clustering is
not designed to borrow information between row and column partitions across ages, and
does not provide a principled model-based representation of the complex joint system of
interactions among underlying and contributing causes across age classes. These issues do
not facilitate rigorous inference, uncertainty quantification, supervision by meaningful ex-
ternal information and, possibly, assessment of the effects of different policy scenarios via
simulations from the generative model. Moreover, the results in Figure 2.1 are descriptive

in nature, and hence, are also more prone to suffer from the possible distortions that arise
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from reporting practices of death certificates, an issue which is not specific to our analysis,
but rather common to all causes-of-death studies (see, e.g., Redelings et al., 2007; Dés-
esquelles et al., 2010, 2012, 2014a; Bishop et al., 2023). Although recent advancements and
automated reporting procedures have substantially improved the quality of death certifi-
cates, mitigating possible biases through careful data-preprocessing and principled statisti-
cal models that account for uncertainty is still important. Our contribution moves along
these lines, while further addressing potential reporting issues through the supervision by
biologically-meaningful external classifications of the causes of death. In this respect, it shall
be emphasized that certain groups inferred by the novel SBM we propose in Sections 2.2 and
2.3 may be also useful in unveiling systematic reporting practices associated with specific
underlying and contributing causes at given age classes. As a result, our contribution can
also help in improving the understanding of such practices, thereby motivating the design

of additional guidelines in causes-of-death reporting.

2.2 Dependent Stochastic Block Models for Directed
Networks

Define the four levels absent, rare, present and frequent introduced in Section 2.1.1
through the numerical labels w = 1,...,4. Moreover, recode the age classes [0, 1], (1, 10],
(10,20], ..., (90,100] into the ordered indexes x = 1,2,..., X (with X = 11 in our appli-
cation). Then, the networks analyzed are available in the form of a sequence Yy,...,Yx
of n x n categorically-weighted asymmetric adjacency matrices, where the generic Y, has
entries y;, = w if, at age class x, the strength of the directed co-occurrence relation “cause
1 appears as the underlying of the contributing cause j” is equal to w.

In Section 2.2.1, we generalize state-of-the-art SBMs to define a probabilistic generative
mechanism for Y1, ..., Yy, which addresses points (i)—(v) discussed in Section 2.1 via a sin-
gle formulation. Such a joint model is designed to infer age-specific block interactions among
endogenous groups of underlying and contributing causes displaying similar co-occurrence
patterns. To this end, we employ, and learn, two separate grouping structures that are al-
lowed to change smoothly across age classes via dependent random partition priors further
informed by macro-classifications of death causes. Such priors are inspired by contributions
of Page et al. (2022) and Miiller et al. (2011), and are presented in Section 2.2.2.

2.2.1 Model Formulation

Guided by the empirical evidence in Figure 2.1, we extend available SBMs to infer separate
group structures for the underlying and contributing causes, respectively, from the block
patterns displayed by the observed adjacency matrices Y1, ..., Yx. Recalling Section 2.1,
current SBMs (e.g., Holland et al., 1983; Nowicki and Snijders, 2001; Schmidt and Morup,
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2013; Lee and Wilkinson, 2019; Geng et al., 2019; Legramanti et al., 2022) mostly focus on
binary undirected networks, thus requiring only a single partition to flexibly characterize
the modular architectures in the observed network. Such a single partition is often employed
also in directed settings under the assumption that the rows and columns of the asymmetric
adjacency matrix display a shared group structure (see, e.g., Wang and Wong, 1987; Newman
and Leicht, 2007; McDaid et al., 2013; Peixoto, 2022). Although this perspective simplifies
the model, in practice, it may provide an unrealistic characterization of the data generative
mechanisms in directed settings, thus raising misspecification issues that yield to biased
inferences. In fact, as illustrated in Figure 2.1, it is reasonable to expect that two generic
causes of death having similar co-occurrence patterns when treated as underlying, may
not display the same similarities when considered as contributing. In addition, these co-
clustering relations might also vary across different age classes.

Consistent with the above discussion we employ, for each age-class index x = 1,..., X,
two separate partitions (one for the underlying causes and the other for the contributing
ones), whose Cartesian product yields a block structure on the adjacency matrix Y, that
clusters together, within each block, pairs of underlying and contributing causes with similar
co-occurrence strengths. More specifically, let ¢, = (¢iz,...,Cne) and dy, = (dia, - .., dny)
be the group membership vectors associated to the generic row and column partitions ¢, =
{Cizy...,Ch,.} and d, = {D14,..., Dk, .}, such that ¢, = h, for h = 1,..., H,, if and
only if ¢ € Cp, and, analogously, d;, =k, for k =1,..., K,, if and only if j € Dy,. Then,
extending the classical Bernoulli likelihoods for binary edges to the categorically-weighted
interactions characterizing the networks under analysis, we assume that (y;js | ¢i = b, djz =
k,Opgz) ~ Caty.4(Opie), independently for everyi =1,...,n,j=1,...,nandz =1,..., X,
where Caty.4(Opk,) is a categorical variable indexed by the probability vector ., with
entries Opppw = Pr(Yijs = w | ¢iw = h,djz = k) € (0,1), for w = 1,...,4. Hence, consistent
with general SBMs, within-block homogeneity is expressed by assuming that the distribution
for each entry y;;, of Y, only depends on the corresponding row and column groups along
with the probability vector characterizing the block associated to such a pair of groups.
This means that the co-occurrence strengths among all underlying and contributing causes
in groups h and k, respectively, are generated from the same categorical distribution, whose
parameters can change across blocks (i.e., pairs of groups), but not within block, thereby
accounting for flexible modular structures in the observed networks.

To complete our Bayesian formulation, we require priors on the group membership
vectors ¢, and d,, * = 1,..., X, together with the block-specific parameters @y;,, for
h=1,...,H,, k=1,...,K, and x = 1,..., X. Extending routine Bayesian SBMs (e.g.,
Nowicki and Snijders, 2001; Mariadassou et al., 2010; Legramanti et al., 2022) from binary
to categorical relationships, it is natural to consider independent Dirichlet(a’ = (a4, ..., a%))
priors for the block-specific parameters Oy, h=1,... H,, k=1,...,K,andx =1,...,X.

Besides corresponding to the multivariate generalization of the Beta priors employed for the
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block probabilities in binary networks, such a choice achieves conjugacy with the Caty.4(@pks)
distribution assumed for the entries of Y,. As such, the block-specific parameters can be
integrated out analytically to obtain a Dirichlet-categorical joint likelihood for Yq,...,Yx

conditioned on the group membership vectors ¢, and d,, x = 1,..., X. In particular

p(Y1,....Yx | (e, dy),x =1 ...,X):

il )

. ae + Nhize) oot

where nppq represents the number of pairs (4, j) such that ¢, = h, dj, = k and y;;, = w,

while Npze = Yoo Mhkaw and af = 321 a%  The likelihood in (2.1) formally treats the
quantities Oppe, h = 1,...,H,, k =1,...,K,, x = 1,...,X as nuisance parameters and
focuses inference on the group structures encoded in ¢, and d,, for x = 1,...,X. While

learning the block-specific probability vectors 0, is also of interest, this perspective is
common in SBM formulations (e.g., Wyse and Friel, 2012; McDaid et al., 2013; Schmidt and
Morup, 2013; Legramanti et al., 2022; Durante et al., 2025), whose primary interest lies in
uncovering groups of nodes that display similar connectivity patterns within the observed
network. In our context, such an information is encoded in ¢, and d,, for x = 1,...,m,
thereby motivating our main focus on these two vectors under the Dirichlet-categorical
joint likelihood in (2.1). As discussed in Section 2.3, this choice further facilitates posterior
computation, and does not prevent from obtaining ex-post sensible estimates of 0y,, h =
1,...,H,, k=1,... . K,,z=1,..., X.

Notice that the likelihood in (2.1) factorizes across the age-class indexes z = 1,..., X.
Although this formulation is useful to avoid overly-sophisticated and intractable represen-
tations, as shown within Figure 2.1, causes-of-death networks exhibit a form of dependence
across ages, which is visible in terms of smooth transitions for the corresponding group
structures over contiguous age classes. In Section 2.2.2, we incorporate this dependence
through carefully designed priors for the two sequences ¢y,...,cx and dy, ..., dx that fur-

ther include external information on cause-of-death macro-classifications.

2.2.2 Prior for Dependent Sequences of Random Partitions

As anticipated in Section 2.2.1, we elicit priors for the two sequences ¢y, ...,cx and dy, ..., dx
which enforce smooth, yet flexible, transitions for the group membership vectors across con-
tiguous age classes, while informing these vectors through external macro-classifications
of causes of death. Such a latter exogenous information is encoded in the vector z =
(z1,...,2n), whose generic categorical entry z; identifies the macro-category [ = 1,...,L
(e.g., neoplasms, malformations, circulatory diseases, mental health problems, etc...) of
cause ¢ = 1,...,n. This macro-classification can be retrieved from the 1CD system pre-

sented in Section 2.1.1, yielding a total of L = 19 macro-categories.
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Consistent with the above discussion, we leverage the dependent random partition priors
of Page et al. (2022) in combination with product partition model constructions (Miiller
et al., 2011) to obtain

(c1,...,cx | z,a% n.) ~ DRPM-z(a®, 1,.), (2.2)
<d17 ceey dX | z, ad7 77d) ~ DRPM_Z(ad7 nd)a

where af, a?,n. and 1, are prior hyper-parameters whose meaning will be clarified in the
following, whereas DRPM-z denotes the assumed dependent random partition prior informed
by z. Such a prior is presented in detail in Section 2.2.2 for the sequence ¢y, ..., cx, where

the subscripts and superscripts ¢ are removed for the sake of generality.

Constructive Representation

The DRPM-z(x,n) prior for a generic sequence of group allocations ¢y, ..., cx is defined
hierarchically through a Markovian mechanism, which combines two main constructions.
The first one is a flexible, yet smooth, transition mechanism from c¢,_; to ¢, regulated by
n independent Bernoulli(c, ) variables 74, . . ., Ynz, With the generic v;, controlling whether
the i—th cause of death is allowed to possibly change group allocation from age class x — 1
to x (i.e., Vi, = 0), or not (i.e., v = 1) (Page et al., 2022). The second is a carefully-
designed supervised Chinese restaurant process prior CRP-z(n) (Miiller et al., 2011; Page
et al., 2022; Legramanti et al., 2022) regulating both the formation of the group structures
among causes at the first age class, i.e., ¢;, and the mechanism through which the subset of
causes with v, = 0, for ¢ = 1,...,n, are re-allocated to clusters from ¢, ; to ¢, for each
ager =2,...,X.

Recalling classical results from Bayesian nonparametric statistical literature (e.g., see
Gershman and Blei (2012) for an introductory overview) in connection with covariate-
dependent product partition models (Miiller et al., 2011), the assumed CRP-z(n) prior has
probability mass function for the generic group membership vector ¢ of length n defined
as p(c | n,2) o< [T (n)/T(n + n)| I, poe(zn, a?)(n, — 1)!. In this expression, I'(-) cor-
responds to the Gamma function, n;, denotes the number of causes in group h, and z;, is
the vector encoding the memberships to the L external macro-categories of the n;, causes
in group h. This exogenous information enters p(c | n,2z) via the Dirichlet-categorical co-
hesion function ppe(-,a*) with parameters a? = (af,...,a%) (Miiller et al., 2011, Ch. 4),
which increases the prior probabilities of those groups that are homogenous with respect
to the external macro-classification of the causes. As such, by including ppc(zs, a”), the
CRP-z(n) supervises the classical CRP(n) prior by the external covariate z in a way that favors
internally-homogenous groups of causes with respect to the associated macro-classification.
Such a mechanism is evident when studying the conditional distribution for each ¢; given

™ = (c1,...,¢i_1,Cit1, Cp). Under the CRP-z(n) prior, this conditional distribution is
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iy ey + a2

- L/ —" = for h = 1,,__,H(*i)’
pr(c; =h| c(_’)777, Z) X . The + az 2.3)
a i .
n— for h = H) 41,
ag
for every i = 1,...,n, where H=" and ng_i) are the total number of non-empty groups

and the cardinality of the h—th cluster, respectively, after removing cause 7, while ﬁgj)
corresponds to the number of causes in group h with the same macro-category of the i—th one.
Finally, ﬁg;i) =>F, ﬁhl_i) = |z,(1_i)|, a? = Y[, a and a% is the entry of a* corresponding
to the macro-category of cause i. According to (2.3), conditioned on (=, the i-th cause
can either occupy a group already observed for the other causes, or generate a new one.
The former event has probability which depends on the cardinality of the group, as for the
classical CRP prior, further reinforced by a factor that favors the attribution of the i—th cause
to those existing groups that have a higher fraction of causes with its same macro-category.
The creation of a new cluster is instead regulated by the CRP concentration parameter
n > 0 and by those of the Dirichlet-categorical cohesion function (i.e., a* = (af,...,a%),
with a; > 0,1 =1,...,L). Consistent with (2.3), larger values for n yield a higher expected
number of clusters in c.

Besides illustrating the tractability of the CRP-z(n) prior, along with the meaning of
its parameters, the scheme in (2.3) plays also a key role in the Gibbs sampling algorithm
designed in Section 2.3, and clarifies that the total number of groups in the generic z does
not need to be pre-specified, but rather can be learned automatically. This is a substantial
gain relative to popular SBMs for dynamic networks that could be possibly applied to our
motivating application (see, e.g., Yang et al., 2011; Xu and Hero, 2014; Xu, 2015; Matias
and Miele, 2017). In fact, such models assume knowledge of the total number of groups, or
leverage information criteria which require estimation under different settings for H. This
is a computationally challenging task in contexts where the number of groups varies with .

Combining the above CrRP-z(n) formulation with the previously-introduced Bernoulli

transition mechanism yields the following hierarchical construction for the DRPM-z(cx, )

prior on the generic sequence cy, ..., cx of group membership vectors
(Viz | @@ = (2, . .., ax)) "~ Bernoulli(a,), i=1,...,n, v=2,..., X, (2.4)
(¢1 | m,z) ~ CRP-2(n), (x| €am1,Y2, M, W) ~ CRP-2(N)|C(cs_172), T=2,...,X,
where v, = (Yigs .-+ Yne), While CRP-2(n)|c(c,_1~.) IS the supervised Chinese restaurant

process prior constrained to the set of partitions C(c,_1,7.) compatible with ¢, 1 under ~,,
namely all the partitions among the n causes of death that can be derived from the one as-
sociated with the group membership vector ¢,_; by reallocating only those causes for which
viz = 0. Recalling Page et al. (2022), under this constraint, pr(c, = ¢ | €41, V2,1, 2) X
ple | n,z)1(c € C(ey—1,7:)), where p(c | n,2) is the previously-defined probability mass
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function of the CRP-z(n) prior, whereas ¢ is the partition of the n causes associated with the
generic group membership vector ¢. As such, the prior on ¢, is anchored to ¢,_; by allowing
only a subset of causes to change group allocation, with the size of this subset regulated by
the parameter o, € [0, 1]. When «, = 1 the clustering structures among causes of death at
age classes x — 1 and x perfectly overlap, whereas a value of a, = 0 forces all causes to be
re-allocated according to an unrestricted CRP-z(n) prior, thereby removing the dependence
on c,_1. Therefore, as «a, ranges from 0 to 1, the vectors ¢,_; and ¢, are favored to be
increasingly similar.

Note that the above notion of smoothness is allowed to change flexibly across age classes

via transition-specific parameters as,...,ax, which are assigned conjugate Beta hyper-
priors, i.e., o, ~ Beta(aq,bs), for x = 2,..., X. This allows smoothness to be inferred
adaptively from the observed matrices Yq,...,Yyx. Such a data-oriented perspective is

considered also for the CRP concentration parameter n on which we assume a conjugate
Gamma hyperprior (Escobar and West, 1995), namely n ~ Gamma(a,,, b,,).

As illustrated in Section 2.3, this prior elicitation facilitates the design of a tractable
tempered Gibbs-sampler for posterior inference on the sequences of partitions cy,...,cx
and dy, ..., dx.

2.3 Bayesian Computation and Inference

Posterior inference for the sequences of partitions ¢;,...,cx and dy,...,dy that parame-
terize the Bayesian model presented in Section 2.2 is performed via Monte Carlo leveraging
samples produced by a carefully-designed collapsed Gibbs sampler in combination with
adaptive parallel tempering. This algorithm is derived in detail in Sections 2.3.1-2.3.2 by
exploiting the tractability of the likelihood in (2.1) along with the hierarchical representation
(2.4) of the priors in (2.2). Section 2.3.3, concludes by presenting useful inferential strategies
to perform point estimation and uncertainty quantification on the group structures encoded

inecg,...,cx and dy, ... ,dx leveraging the Gibbs samples.

2.3.1 Collapsed Gibbs Sampler

The proposed Gibbs algorithm samples iteratively from the full-conditional distributions of
the group membership vectors ¢y, ...,cx and dy, . .., dx, the persistence variables 5, ..., v%
and 4, ..., v% appearing in the hierarchical representation (2.4) of the DRPM-z priors in
(2.2), and finally, the hyperparameters ¢, 7., a?, and 74. As clarified in the following,
by combining the priors presented in Section 2.2.2 with the collapsed likelihood in (2.1)
yields closed-form full-conditionals for all these quantities, thereby facilitating the design of
a tractable sampling scheme.

Focusing on the row-specific quantities ci,...,cx, v5,..., 7%, a¢ and 7., let us first
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introduce some useful notation. In particular, let T'C = {i = 1,...,n: 5, = 1} be the set of
underlying causes whose group allocation does not change from x —1 to x. Moreover, denote
with ¢l the partition induced by ¢, considering only those underlying causes with indexes
in I'¢. Then, adapting the derivations in Page et al. (2022) to our construction, the full-
conditional distributions for the binary persistence variables 75, i =1,...,n,x =2,..., X,

are Bernoulli with probabilities

. al e(+i)  pel+)

pr(vf, = 1]-) = i =0, (25)

C,® e, Z

ag + (1 —ag) P xc(fi) 1
L

p(([:l’ | e, Z)
for each node i = 1,...,n and age class x = 2, ..., m, where 1[-] corresponds to the indicator
function, whereas I'“"" = T'¢ \ {i} and I'“*) = I'“~9 U {4}. Notice that within the above

Fc(+z)

. . e(—1) . s
expression the ratio p(c,® | n.,2) /p(azgz( | 1e,2z) relates directly to the conditional

distribution for ¢;, given €7, 7. and z. As such, recalling also Page et al. (2022), it can
be computed from (2.3) after replacing the generic quantities nﬁfi), ﬁ;;lf), ﬁ;;i) and n with
those specific to the reduced partition among the underlying causes at age class x.

The results in (2.3) are also useful to sample the allocations ¢;, at each age class = =
1,...,X for those underlying causes whose sampled ~{, is equal to 0; if 75, = 1, then c¢;;
is kept fixed to the group allocation drawn for cause ¢ at x — 1. More specifically, denote
with @j;’l‘:h the partition induced by the group membership vector (¢ig,...,Ciw = h, ... Cnz)
with the i—th underlying cause allocated to cluster h. Then, direct application of the Bayes
rule in combination with results from Page et al. (2022) yields a full-conditional categorical

distribution for each ¢;, with probabilities

pr(cix =h ’ _) X
(Y, | ciw = h, el d,) (2.6)
p(YCD) e dy)

—1 Cim=— C p
pr(ciz = h | €S, 0, 2)1 [ € Clel==" 48, )]

for every h = 1,...,HD +1, i =1,...,nand 2 = 1,...,X, where Y{**) corresponds
to the adjacency matrix at age class x without the i—th row. In the above expression, the
prior probabilities pr(ci, = h | ¢, 7n,.,2) are available directly from (2.3) after replacing
the involved generic quantities with those specific to the partition of the underlying causes
at age x, whereas the constraint included through the indicator function guarantees the
compatibility discussed in Section 2.2.2 for contiguous partitions (notice that compatibility
with the partition at age class x — 1 holds by prior construction, and hence, it does not need
to be checked). Finally, generalizing results on Beta-Binomial distributions (e.g., Schmidt
and Morup, 2013; Legramanti et al., 2022) to the Dirichlet-categorical one in (2.1), also the
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likelihood factor within (2.6) admits the closed-form expression

Y, | ciw =h, e d, Ke T(a? 0 4 pliy 4 ['(a® + nppaw
p( |(_Z) _i)ac ) _ H - hkxo H ?kl) )’ (27)
p(Yx | Cx 7, d$> = a + nhkx' w=1 F a?u + nhkxw)
foreveryhzl,...,Hg(c_i)le,i: l,....nandz=1,..., X.
Given the persistence variables ¢, =1,...,n,x = 2,..., X, also the prior hyperparam-
eters af, * = 2,..., X admit closed-form full-conditional distributions. More specifically,

combining the Bernoulli likelihood for each «{, with the Beta priors assumed in Section 2.2.2

for every af, yields

(al | —) ~ Beta (aa + Z;l Yorsba 1 — Z;l ’yfx) : (2.8)

independently for x = 2,..., X. Similarly-tractable full-conditionals are also available for
the CRP concentration parameter 7. via a direct application of the results in Escobar and
West (1995).

To conclude, it remains to update the column-specific quantities dy, ..., dx, v4,...,v%,
a’ and 7,. Due to the model symmetry, these updates share the same structure of those
derived for the row-specific counterparts. As a consequence, it suffices to apply again (2.5)—
(2.8) by replacing the quantities and indexes related to the underlying causes with those of

the contributing ones, and vice-versa.

2.3.2 Adaptive Parallel Tempering

Albeit tractable, the Gibbs routine presented in Section 2.3.1 requires exploration of a high-
dimensional discrete space involving two sequences of dependent random partitions. To
mitigate the possible mixing issues that may arise in this challenging computational set-
ting, we combine the previously-derived Gibbs sampler with an adaptive parallel tempering
implementation.

Parallel tempering (PT) is a general methodology to improve the mixing of MCMC algo-
rithms, especially in settings characterized by complex high-dimensional posteriors that may
exhibit multiple local modes (e.g., Earl and Deem, 2005; Syed et al., 2022). In its general
form, PT runs a sequence of independent MCMC samplers at different temperatures, where
higher-temperature chains allow for an improved exploration of the state space by flattening
the posterior distribution, and hence, also its local modes. In contrast, lower-temperature
chains sample from distributions progressively more similar to the actual posterior, thereby
targeting the original distribution of interest. At each iteration, all chains are independently
updated performing a local move, which, in our case, uses the Gibbs sampling steps outlined
in Section 2.3.1. Then, at periodic intervals, the algorithm attempts to swap states between
chains via a Metropolis-Hastings acceptance criterion that ensures detailed-balance is main-

tained. This swap allows lower-temperature chains to benefit from the broader exploration
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of higher-temperature ones.

Within our implementation we consider, in particular, non-reversible deterministic swap
proposals (Syed et al., 2021) to guarantee a more rapid information exchange among high-
and low-temperature chains. Moreover, we implement the online stochastic optimization
method proposed by Miasojedow et al. (2013) to dynamically adapt the temperature grid
during the PT runs. This strategy builds a decreasing sequence of inverse temperatures and,
at each swap, it uses the associated acceptance probabilities to tune the inverse-temperature
grid via a Robbins-Monroe update targeting the desired acceptance level. Such a scheme
robustifies PT against suboptimal specifications of the initial temperature schedule, thus
allowing for a more efficient exchange of information from high- to low-temperature chains,

which is fundamental to obtain an effective exploration of the posterior distribution.

2.3.3 Monte Carlo Inference

Posterior inference on the quantities of interest is performed via Monte Carlo, relying on
the samples produced by the routine outlined in Sections 2.3.1-2.3.2. As discussed in Sec-
tions 2.1-2.2, our primary focus lies on the group membership structures encoded in the
sequences ci,...,cx and di,...,dyx, which unveil the block patterns displayed by the ob-
served causes-of-death networks across age classes. Extending general guidelines in Bayesian
model-based clustering (e.g., Wade and Ghahramani, 2018) to our specific context, a natural
and interpretable option for summarizing the posterior distribution over these group struc-
tures is to compute the so-called posterior similarity (or co-clustering) matrices f"f, e ,f’fX
and lsjl, o ,1531(, whose generic entries lﬁg[i?i,] and pi[j’j,} estimate pr(c;; = ¢yp | Y1,..., Yx)
and pr(dj, = dj, | Y1,...,Yx) via the relative frequency of Gibbs samples in which
Ciz = Ciry and d;; = dji,, respectively. This yields an interpretable probabilistic summary of
the co-clustering relationships supported by the posterior across age classes, along with a
quantification of uncertainty in the inferred group structures.

Leveraging the above similarity matrices in combination with the decision-theoretic

framework of Wade and Ghahramani (2018) it is also possible to obtain the posterior point

estimates Z(), and Z), for z(;), and z(y),, respectively, at each age class z = 1,...,m, via
¢, = argminE. [Vi(eg, ) | Yi,..., Yx],
cl

A

d, = argminEg_[vi(d,,d
d;

) | Y1, Y],

where VI(+, -) is the variation of information distance introduced by Meila (2007) as a metric
to measure differences between two generic partitions via a comparison among individual
and joint entropies. The solutions to the above minimization problems can be obtained
under the R library mcclust.ext (Wade and Ghahramani, 2018), which requires, as inputs,

the matrices 15; and lf’g, respectively.
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Besides studying the age-specific group structures among underlying and contributing
causes encoded within ¢, and dAw7 respectively, in our specific context it is also of interest to
assess the stability of these structures across age classes. To this end, in Section 2.5 we will
further study the meet of the estimated partitions across selected contiguous ages. Recalling,
e.g., Wade and Ghahramani (2018), such a meet corresponds to a finer partition where
two causes belong to the same meet cluster if these causes co-cluster in all the considered
partitions, thereby highlighting sets of underlying and contributing causes that display stable
group behaviors across the selected age classes.

To conclude, notice that while the block-specific vectors 0y, are integrated out to obtain
the likelihood in (2.1), when such quantities are also of interest a plug-in estimate can be
readily derived. In particular, denote with 7., the total number of pairs (i, j) such that
Ciz = h, azjx = k and y;j, = w. Then, leveraging Dirichlet-categorical conjugacy, a sensible

point estimate for each 0., is

(azj + 7él’hk:acw)

éhkxw — E(‘ghkzzw | Ylu cee ,Yx, éx7dx) - (CLG T ﬁhk ) s

(2.9)

A

foreveryhzl,...,lflm,k::1,...,Km,le,...,Xandwzl,...,4.

2.4 Simulation Study

In this section, we present extensive simulation studies that illustrate the performance of
the model proposed in Section 2.2 and quantify its gains with the respect to state-of-the-
art alternatives that could be possibly employed within our motivating application. As a
benchmark competitor, we consider, in particular, the dynamic SBM proposed by Matias
and Miele (2017) and implemented in the R library dynsbm. This formulation has emerged
in recent years as one of the most widely adopted implementations for inference on group
structures among nodes varying across a temporal index (Peixoto, 2018; Kim et al., 2018; Lee
and Wilkinson, 2019), making it a natural candidate for benchmarking in our simulation
study. Note that, unlike for our proposed model, the one designed by Matias and Miele
(2017) does not allow for two separate partitions on the rows and columns, respectively, and
further assumes that the total number of non-empty groups is constant across the sequence
of networks. As such, the comparison against this competitor is also useful to assess whether
the increased flexibility provided by the model we propose yields practical gains in settings
aligned with our motivating application.

To provide a comprehensive assessment, the above models are tested in two differ-
ent simulation scenarios. The first resembles the structures discussed in Section 2.1 for
the motivating causes-of-death networks, where the data are generated from a sequence
of categorically-weighted directed networks regulated by two distinct partitions on the

rows and columns of the adjacency matrices. As such, we simulate edges (vij» | cgg) =
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Figure 2.2: Riverplots representing the evolution of c&o) and dy’,
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Figure 2.3: For the first simulation scenario (directed), graphical representation of the block-specific

parameters, 9}(3316, evolving over age classes * = 1,...,10 and stratified by category w = 1,...,4. The
numbered rows and columns correspond to row- and column-specific groups. White cells correspond to
pairs of empty groups at the specific ages.

h,dﬁ} = k,O}(ng) ~ Cat1;4(0}(3€)x), independently for every ¢ = 1,...,100, j = 1,...,100
and x = 1,...,10, where each 02%)33 is selected from four possible configurations — namely,
[0.85,0.05,0.05, 0.05], [0.05 0 05, 0.85,0.05], [0.05,0.05,0.05,0.85] and [0.1,0.4,0.4,0.1] —
) and d\”) are obtained by manually fixing an evolution across

ages for the total of non-empty clusters and the number of causes allowed to change group

(see Figure 2.3), whereas c(°

among consecutive ages. Conversely, the selection of which specific causes are considered for
these transitions and the updated group allocations for such causes are performed randomly
,10). In this way,

the partitions to be inferred are not simulated from the assumed prior, thereby providing a

(see Figure 2.2 for a graphical representation of ¢(”) and d\*, » = 1,...
more realistic assessment of the model proposed. For this same reason, we further test our
construction in a second simulation scenario Consisting of sequences of undirected networks
with block structures regulated by a single partition ¢(?), for z = 1,...,10, that is common
to both rows and columns. Recalling our previous dlscuss1on, this settlng is favorable to the

model of Matias and Miele (2017) and can be simulated similarly to the directed case by
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forcing ¢ = d® = &®, 09 =09  and y;;, = yji, for each x = 1,...,10 (see Figure 2.2
for a graphical illustration of ¢(), 2 = 1,...,10). Notice that, in both scenarios, we do not
consider supervision by external covariates z to avoid an overly-penalized treatment of the
model by Matias and Miele (2017), which is not designed to include this additional source
of information. When z is not available, it suffices to remove (ﬁ;;l) +a2)/ (ﬁg_i) + a?) and
aZ /a? in (2.3) for adapting our formulation to the unsupervised case.

Given the above simulated data, we perform posterior inference under the Bayesian
model proposed within Section 2.2 leveraging diffuse Dirichlet(1,1,1,1), Beta(1,1) and
Gamma(0.002,0.001) priors on the block-specific parameters vectors, the transition proba-
bilities and the CRP concentration parameters, respectively. Under such settings, posterior
samples for ¢y,...,ci0 and dq, ..., cyo in the first simulation scenario can be obtained via
the tempered Gibbs-sampler developed in Sections 2.3.1-2.3.2. Such a routine can be also
adapted to the second scenario by sampling from the posterior of a single sequence ¢4, . . ., ¢y
(having the same prior as ¢y, ...,djg and dy, . . ., dyp), while replacing the likelihood induced
by directed networks with the one arising in undirected settings, where y;;, = v;i,, and hence,
Oni: = Orne. As a consequence, in the directed case, p(Y1,...,Yx | ¢, v =1,...,X) =

a1 (T2 Ty [{T(a2) /T (a2 + 1hie) } ey AT (0, + 1hikn) /T (a5,) )

Under the above routines, we consider 4,000 posterior samples for the sequences of
partitions analyzed. Such samples are obtained after a conservative burn-in of 10,000 and
thinning by 10 the subsequent 40,000 draws. The study of the traceplots for the logarithm
of the likelihoods associated with the two simulation scenarios does not provide evidence
against convergence, and showcase adequate mixing. As such, the produced samples are
leveraged to obtain a posterior point estimate for c¢;,...,cio and dq,...,d;o in the first
scenario, and ¢y, ..., 1o in the second, via the strategies in Section 2.3.3.

Figure 2.4 illustrates the quality of these estimated partitions in recovering the true ones
behind the generative mechanism of the simulated data in scenario one (i.e., cgo), . ,CS%)
and dgo), . ,dg%)) and two (i.e., Ego), o ,Eg%)). Such a quality is quantified in 50 replicated
experiments under both scenarios via the most widely-implemented measures of clustering
accuracy, namely, the rand index (RI) (Rand, 1971), the adjusted rand index (ARI) (Hubert
and Arabie, 1985), and the normalized mutual information (Nwm1) (Strehl and Ghosh, 2002).
These three measures take values below 1 (which corresponds to perfect overlap among
the two partitions compared), and are computed also for the estimates produced by the
model of Matias and Miele (2017) under its implementation in the R library dynsbm. As
discussed previously, this competitor does not automatically infer the number of non-empty
clusters. As such, we explore three specifications with this quantity set equal to 3, 6 and
9, where 3 corresponds to an underparameterized model, 6 is the true maximum number of
clusters in the data, and 9 represents a flexible overparameterized formulation. Moreover,
as suggested by the authors, we obtain the maximum likelihood estimate of the partitions

via a multi-start routine from 25 different initial points.
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Figure 2.4: Accuracy of the proposed model and of the one designed by Matias and Miele (2017) (under
three specifications for the total number of clusters) in estimating the true group membership vectors e
and déo), x =1,...,10 in the first scenario, and E;O), x =1,...,10 in the second scenario. The performance
is measured under the rand index (RI), adjusted rand index (ARI), and normalized mutual information
(Nm1). The points, thick lines, and thin lines represent, respectively, the medians, the inter-quartile ranges,
and the ranges of the considered measures over 50 replicated experiments of the two simulation scenarios
under analysis.

As shown in Figure 2.4, our proposed model almost perfectly estimates all the parti-
tions across ages, in both scenarios, and systematically outperforms the clustering accuracy
achieved by the state-of-the-art alternative in Matias and Miele (2017). The remarkable
gains obtained in the first scenario clarify the importance of allowing for two separate par-
titions on the rows and columns in directed networks displaying asymmetric block patterns
within the adjacency matrix. As discussed in Section 2.1.1 (see also Figure 2.1), this is the
case of our causes-of-death networks, thereby highlighting the need for a model as the one
we propose in Section 2.2 to avoid the substantial bias that would arise when adapting avail-
able solutions to our motivating application. Interestingly, our model outperforms Matias
and Miele (2017) also in the second scenario, where the focus is on those undirected settings
favorable to the competitor under analysis. This clarifies that, besides the increased flexi-
bility provided by the inclusion of two separate partitions in directed settings, the evolution
process induced by the prior in Section 2.2.2 on the sequence of partitions appears to be
a superior construction in more general settings, including in undirected ones. Unlike for
Matias and Miele (2017), the process we employ allows the number of non-empty groups to
change with age and to be automatically inferred. These advantages motivate the use of the
proposed model in the analysis of the causes-of-death networks introduced in Section 2.1.
A detailed presentation of the important findings obtained from this analysis is provided in

Section 2.5.
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2.5 Application to USA Cause of Death Networks

We conclude by illustrating the potential of the proposed model in unveiling group structures
and modular interactions among causes of death that were hidden to previous studies of the
USA data presented in Section 2.1.1. In line with standard practice in demography, we apply
the model separately to male and female populations. Posterior inference relies on the same
hyperparameters and MCMC settings as in the simulation studies to assess the robustness of

these default choices in general contexts.

2.5.1 Empirical Results and Findings

As a first important assessment, Figure 2.5 displays the age-specific adjacency matrices of
the observed co-occurrence networks among underlying and contributing causes, with rows
and columns re-ordered according to the groups estimated by our model. This representation
clarifies that the inclusion of two separate partitions varying with age classes is essential
to obtain an accurate characterization of the block structures in the observed networks for
both males and females. In addition, it confirms that our model provides an highly-effective
construction in achieving such an objective, thus motivating an in-depth analysis of the
composition and evolution across ages of the estimated partitions.

Consistent with the above discussion, Figure 2.6 presents the minimum-vI point esti-
mates of the partitions for the underlying and contributing causes across age classes in both
the female and male populations. The slowly-varying number of groups across different
life stages — ranging from 3 to 8 for females, and from 3 to 10 for males — further sup-
ports the need for a model that allows for smoothly-evolving partition structures across
ages. Notice how the total number of non-empty groups increases progressively with age
classes, particularly in the middle and late adulthood, highlighting the growing complexity
of the causes-of-death landscape, which reflects the broadening range of health conditions
contributing to mortality. Correspondingly, the average group size declines with age classes,
thereby unveiling the increasing heterogeneity in the interactions between underlying and
contributing causes (see also Figure 2.5). As is evident from Figure 2.6, such an hetero-
geneity results from smooth fragmentation of medium-to-large underlying and contributing
groups driven by diverging interaction patterns between specific subsets of causes. These
peculiar transition patterns are studied in detail in the following through the analysis of spe-
cific meet clusters, and crucially expand available findings on underlying (Bergeron-Boucher
et al., 2020; Calazans and Permanyer, 2023) and multiple (Trias-Llimés and Permanyer,
2023) causes-of-death diversity by clarifying that systematic heterogeneity increments are
found also in higher-level block-interactions among underlying and contributing causes over
ages.

Among the aforementioned transition and fragmentation patterns, a relevant one, which

has received limited attention in the literature, refers to evolution of group 1 displayed
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Figure 2.5: Observed co-occurrence networks among underlying and contributing causes of death at differ-
ent age classes in the USA male (top) and female (bottom) populations. Rows and columns of the adjacency
matrices are re-ordered according to the group structures estimated under the dependent stochastic block
model proposed in Section 2.2.

in Figures 2.5-2.6 for both the underlying and contributing causes. As illustrated within
Figure 2.5, such a group comprises non-interacting causes which are often removed from
the analysis when the focus is on a single age class or on an aggregated network for a
subset of ages. Albeit common, this practice neglects the fact that causes appearing as non-
interacting at given age classes may display meaningful co-occurrences at other ages, thereby
hindering the possibility to infer such peculiar transition mechanism from non-interacting to
interacting blocks across age classes. In fact, addressing this objective is a key to understand
at which ages specific causes join or exit inactive groups, a crucial information in the design
of targeted policies. Consistent with this aim, we retain all the causes of death in our
analysis, and let the proposed model infer non-interacting groups along with the associated
evolution across ages.

As illustrated in Figures 2.5-2.6, the above information is present in the estimated group
1 across age classes, for both the underlying and contributing causes. At age 01, this group
includes a large number of causes not typically associated with perinatal mortality, and then
progressively fades at subsequent ages, further confirming the increasing heterogeneity of
the causes-of-death landscape (which is apparent also in terms of additional underlying and
contributing causes joining the active groups). Interestingly, Figure 2.6 highlights a slight
increase in the size of group 1 at age classes 80-90 and 90-100. While this pattern deserves
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Figure 2.6: Riverplots representing the evolution of the estimated partitions 21y, and 22), over age classes
x=1,...,11 in the female and male populations. The size of each bar is proportional to the cardinality of
the inferred group.

further exploration, it may evidence selection effects in late life combined with susceptibility
to fewer interactions among prevalent underlying and contributing causes.

Note that the change in size of group 1 is not only due to the emergence of causes exiting
the inactive set at age 0—1. Rather, causes both appear and disappear with ages. For exam-
ple, conditions associated with perinatal issues and malformations enter this group beyond
the initial age class. Notably, while the most perinatal causes regarded as contributing fac-
tors are rapidly absorbed in group 1 by the second age class, many of these conditions (such
as respiratory and cardiovascular disorders, and infections specific to the perinatal period)
persist longer when regarded as underlying causes, joining group 1 only at later stages. This
reflects the possibility that conditions emerging in the perinatal period may not turn out to
be fatal at the same stage, but may persist into later life to become the cause that initiated
the course of morbid events that led to death. In contrast, the same causes are unlikely
to assume a contributing role in adulthood. Conversely, the causes exiting group 1 to join
active clusters allow us to detect when a certain disease starts entering the mortality process
and which already-active causes showcase its similar co-occurrence patterns. For example,
in the female population, neoplasms of the respiratory organs, bones, and urinary tract
exit group 1 in the transition between 0-1 years and 1-10 years, both for the underlying
and contributing causes. Other forms of neoplasms, such as those of the breast and female
genital organs, enter the mortality process when transitioning from 1-10 to 10-20 years for
the underlying causes, while this transition only manifests from 10-20 to 20-30 years in
the contributing causes. This suggests an asymmetry in the process, which may be due to
the fact that early breast cancer is unlikely to be detected and thus is more likely to cause

death as underlying factor rather than contributing one. Other gender-specific phenomena
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also emerge, particularly in older age groups for contributing causes. These differences,
motivate further research on how contributing causes interact differently with underlying
ones in males and females.

To further expand the results in Figures 2.5-2.6, we quantify in Figure 2.7 the evolution
of the similarity among the estimated partitions not only across consecutive age classes,
but also with respect to contemporary group structures of the underlying and contributing
causes at the same age. These patterns are measured through NMI(é,, é,_1), NMI(d,, dy_1)
and NMI(¢,, cix), respectively, for each x, and provide additional empirical support in fa-
vor of our model. In particular, the evolution of NMmI(é,, ciz) evidences marked and stable
differences among the partition structures of underlying and contributing causes. These
asymmetries confirm the need for two separate partitions and highlight how causes display
different group behaviors when acting as underlying or contributing. The importance of
incorporating adaptive smoothness through age-specific persistence parameters o), and
(2), is instead confirmed by the evolution of NMI(é,, ciw_l) and NMI(cix7 ciz_l) which show-
case higher similarities among consecutive partitions of underlying and contributing causes,
respectively, with an increasing trend that tends to stabilize at elder ages.

While Figures 2.5, 2.6 and 2.7 inform on the overall structure and transitions of the in-
ferred groups, Figure 2.8 summarizes the relevance of such groups in terms of co-occurrence
strengths and the associated composition with respect to three macro-categories of interest,
namely, circulatory system conditions, mental health, and pregnancy-related causes. These
macro-categories appear in the different panels of Figure 2.8, where each point corresponds to
a group and its size is proportional to the ratio between the number of causes from the macro-
category analyzed that have been allocated to that group and the total number of causes in
such a macro-category. Hence, points of large size correspond to groups absorbing most of
the causes of death from the macro-category analyzed. The vertical axis measures instead
the overall intensity displayed by the underlying (contributing) causes of a given group in co-
occurring with those of all the contributing (underlying) clusters. These marginal connectiv-

ity scores (MCS) are defined as the averaged probability of observing a present or frequent
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Figure 2.7: Normalized mutual information across ages between selected pairs (see the legend) of estimated
partitions.
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Figure 2.8: Group-specific marginal connectivity scores (MCS) over age classes for underlying
(top) and contributing (bottom) causes in the female population, stratified by three macro-
categories (circulatory, mental, and pregnancy). Point size is proportional to the number of
causes in each macro-category belonging to a given group.

interaction between the causes of a given underlying (contributing) group h (k) and those
belonging to a generic contributing (underlying) cluster £ = 1,..., K, (h = 1,..., H,).
More specifically, at each age class we compute MCS(1)p = (1/ K )Zk 1(0;1;.3363 + ehkx4) for
h=1,...,H, and MCS(2)kz = (1/Hm) Zhil(ehkxg + Hhkm), for k =1,... ,Kx, where 03
and éhkz4 are obtained as in (2.9). The analysis of such measures in Figure 2.8, interest-
ingly shows that pregnancy-related causes, while rare overall, appear almost exclusively as
underlying causes among women of childbearing age, with minimal presence as contributing
factors. Mental health-related causes also display distinct patterns across panels, reflecting
an evolving role in the progression of disease. As age grows, these conditions become increas-
ingly common as contributing causes. In contrast, among women over 70, high prevalence
as underlying causes is limited to organic mental disorders, including symptomatic con-
ditions such as Alzheimer’s and dementia, concentrated in cluster 5. Circulatory system
conditions are infrequent at younger ages but become more prominent in later stages for
both roles. Still, underlying and contributing patterns diverge. For instance, five of the six
circulatory causes (hypertensive, ischemic, pulmonary, cerebrovascular, and other heart dis-
eases) co-cluster early (by ages 30-40) as underlying causes with high MCS()p,. In contrast,
contributing roles are more fragmented, with these conditions spreading across groups of
varying MCS(2)n

We conclude by exploring in more detail persistent groups and peculiar fragmentation
patterns that arise in the female and male population at elder (60-70, 70-80, 80-90) and
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60-70 70-80 80-90

|

Figure 2.9: Adjacency matrices of the co-occurrence networks among underlying and contributing causes
for USA female elder population. Rows and columns are re-ordered by estimated groups (colors) and meet
clusters (lines-numbers).

adolescent /early-adulthood (10-20, 20-30, 30-40) ages, respectively. These analyses rely on
the study of the meet clusters introduced in Section 2.3.3 (see Figures 2.9-2.10) and highlight
yet-unexplored patterns that contribute to an improved understanding of the determinants
underlying the recent growing mid-life mortality in the UsA (e.g., Woolf and Schoomaker,
2019; Mehta et al., 2020; Case and Deaton, 2021). Focusing first on the female population,
Figure 2.9 unveils a number of interesting meet clusters both in terms of composition and
evolution. This is the case, for example, of the underlying meet clusters 9 (which includes
respiratory and genitourinary conditions) and 10-11 (that comprise mental disorders and
central nervous system neoplasms, respectively). While these three subsets of causes form
a single group in the 60-70 class, at subsequent ages the meet cluster 9 eventually creates a
separate group due to different co-occurrence strengths with the contributing causes in the
meet cluster 20 (which consists of severe conditions such as lymphoid, breast and female
genital neoplasms, and lung diseases caused by external agents). Similarly, the underlying
meet clusters 19 and 20 (circulatory system causes and neoplasms, respectively) initially
belong to the same group, due to similar interaction patterns with contributing causes. By
age 80-90, however, the weakening of co-occurrences between the causes of the underlying
meet cluster 20 and those of the contributing meet clusters 20 and 25 is in contrast with
the strengthening of the interactions showcased by the underlying meet cluster 19, thereby
yielding to a fragmentation in two separate groups. Notice that, although modest in size,
the contributing meet cluster 25 (extrapyramidal and movement disorders, osteoarthritis
and inflammatory polyarthropathies and other osteopathies), shows a very distinct pattern
in the transition from the 70-80 to the 80-90 age class, as it separates from the adjacent
meet clusters, primarily due to a strengthening of the co-occurrences with causes from the
underlying meet cluster 19. Interestingly, such a shift might signal an onset of age-related
mobility dysfunctions contributing to death by aggravating circulatory conditions.

We now turn our attention to the analysis of the meet clusters for the male population

in those age classes that have witnessed peculiar mortality increments in USA over the
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Figure 2.10: Adjacency matrices of the co-occurrence networks among underlying and contributing causes
for USA male young population. Rows and columns are re-ordered by estimated groups (colors) and meet
clusters (lines-numbers).

recent years. As clarified in Figure 2.10, although the determinants of such increments have
generated a debate around different views (Woolf and Schoomaker, 2019; Mehta et al., 2020;
Case and Deaton, 2021), a detailed analysis of the meet clusters and modules inferred by
our model may lead to a consensus among such views.

Focusing first on the contributing causes, it is possible to recognize the meet cluster 11
as a highly-active one in the age class 10-20. This cluster mostly comprises various forms
of heart and acute respiratory diseases that often arise from infectious phenomena common
to young ages. In fact, at early-adulthood stages, the meet cluster 11 becomes progressively
less active, whereas the contributing meet clusters 7 and 10 start displaying more intense
interactions. Interestingly, these clusters include causes such as mental and behavioral disor-
ders due to psychoactive substance use, diabetes mellitus, hypertensive diseases, diseases of
liver, metabolic disorders, ischemic heart diseases, pulmonary heart disease and diseases of
pulmonary circulation. This is an important finding which clarifies that, although current
literature views cardiovascular diseases (Mehta et al., 2020) and “death of despair” type
causes (Woolf and Schoomaker, 2019; Case and Deaton, 2021) as alternative explanations
of the recent increments in USA mid-life mortality, in fact, such causes cluster together, and
hence, should not be treated as alternatives to each other, but rather as closely related and
jointly contributing to overall mortality patterns. Such a result is further reinforced by the
analysis of the underlying meet clusters in Figure 2.10, which display high co-occurrences
for the meet clusters from 16 to 20 in the age class 10-20. Similarly to the contributing
meet cluster 11, these groups mainly encompass conditions related to respiratory diseases
(e.g., flu, pneumonia, chronic lower respiratory diseases), and further contain nervous system
disorder (e.g., episodic and paroxysmal disorders, cerebral palsy and other paralytic syn-
dromes, other disorders of the nervous system) along with neoplasms (e.g., musculoskeletal,
eye, brain, central nervous system and endocrine gland cancers). Conversely, in populations
aged 20-30 and 3040, a second group of meet clusters (12, 13, 14) emerges through a

transition from a low-interactions group (orange) to the more active one (green). Interest-
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ingly, such a subset displays increasingly-strong co-occurrences with the contributing meet
clusters 7 and 10, and is composed by a similar combination of cardiovascular and “death
of despair” type causes. This result further strengthens the fact that the recent increments
in USA mid-life mortality might arise from complex joint interactions among stochastically
equivalent groups of underlying and contributing causes that appeared as alternatives to
each other in previous analyses focused only on the underlying cause (see, e.g., Woolf and
Schoomaker, 2019; Mehta et al., 2020; Case and Deaton, 2021), rather than on multiple

interacting ones.

2.6 Conclusions and Future Research

Motivated by the importance of achieving an in-depth understanding of the core structures
regulating cause-of-death networks across ages, and by the lack of a suitable statistical
model capable of inferring such structures, we designed in Sections 2.2 and 2.3 an inno-
vative stochastic block model for sequences of categorically-weighted directed networks.
Consistent with empirical evidence from real-data applications, such a model accounts for
modular interactions among groups of causes, and crucially allows for two separate partition
structures on the rows and columns of the asymmetric adjacency matrices, corresponding
to underlying and contributing causes of death, respectively. Under a Bayesian approach
to inference, these partitions are assigned flexible priors that induce smooth transitions in
the group structures across age classes, further informed by external macro-classifications
of death causes.

The simulation studies in Section 2.4 confirm that the proposed model is superior
to state-of-the-art alternatives not only in realistic settings aligned with the motivating
cause-of-death application, but also in simpler undirected networks scenarios favorable to
currently-available formulations. This motivates an extensive use of the proposed model in
a wide variety of situations where multiple directed (or undirected) networks are observed
across a temporal index. The application to USA causes-of-death networks in Section 2.5
further confirms this point by showcasing the potential of the proposed model in unveiling
fundamental group structures among underlying and contributing causes that were hidden
from classical MCOD and single-cause analyses. Besides the potential policy implications,
the evolution and composition of such groups plays also an important role in the under-
standing of modern mortality trends, such as the recent increment of mid-life mortality in
the USA.

Interesting directions for future research emerge from our contribution. A natural one is
to include further dimensions within our model, such as calendar years, geographical units
(e.g., USA states), and others. This would require the design of a joint prior for random
partitions that induces dependence not only between consecutive age classes, but also across

contiguous calendar years and spatially-close units. Representations of this type could be
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found in the ongoing literature on Bayesian nonparametric priors relying on notions of sep-
arate exchangeability (Rebaudo et al., 2025), conditional partial exchangeability (Franzolini
et al., 2023) and combinations of these two notions. Any advancement along these lines
could be inherited within our formulation and would also help in the design of a joint
model for the male and female populations that borrows information among the associated
partitions.

Besides the above methodological extensions, it shall be emphasized that the proposed
model naturally applies also to (rectangular) bipartite networks encoding interactions (pos-
sibly varying with a temporal index) among two different sets of entities (e.g., users and
items interactions across years in recommender systems’ applications), thereby motivating
further exploration of the potential of our construction also in these settings. Additional
empirical analyses are also of interest within the motivating causes-of-death application to
assess whether the inferred group structures are robust to changes in the way through which
interactions are defined. For example, as anticipated in Section 2.1.1, one option could be
to replace the discretized co-occurrence strengths we employ, with normalized versions of
the pairwise co-occurrence counts accounting for the overall degree of appearance of the
involved causes in death certificates (Hidalgo et al., 2009; Chmiel et al., 2014; Fotouhi et al.,
2018). Preliminary analyses show that the group structures we infer align also with the

block patterns induced by this measure.
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Chapter 3

Bayesian Temporal Clustering of
Age-Specific Leading Causes of Death
Profiles across Multiple Countries

JOINT WORK WITH R. PICCARRETA AND D. DURANTE

3.1 Introduction

The comprehensive analysis of global mortality patterns represents a critical resource for
health policymakers. Focusing exclusively on global lifespan-related quantities, such as life
expectancy, or on population mortality risk measures, such as mortality rates, is insufficient
to fully understand the mortality trends and identify critical points whose resolution could
substantially improve health outcomes. A more complete understanding requires comple-
mentary investigation of causes of death patterns (Roser et al., 2021; Dattani et al., 2023),
which constitute important determinants of longevity (Depaoli et al., 2024). It is acknowl-
edged in the literature that differences in age- and cause-specific mortality rates significantly
contribute to variations in life expectancy between populations. Notable examples include
the sex gap observed in low-mortality countries (Meslé, 2004; Preston and Wang, 2006;
Feraldi and Zarulli, 2022) and country-specific disparities (Canudas-Romo et al., 2020).
As such, a thorough analysis of evolving causes-of-death landscapes offers crucial insights
to guide targeted policy addressing country-, sex- and age-specific deficiencies in disease
prevention and treatment. Consequently, age-specific leading causes of death serve as a
fundamental and accessible indicator of national health status, proving instrumental for the
rapid detection of emerging disease burdens and directing economic and medical resources
toward mitigating mortality from such causes. It is also essential to this aim that analyses
are conducted with sufficient granularity to properly capture the heterogeneity in mortality
causes that naturally characterizes different population subsets defined by factors such as

age, sex, and socio-economic characteristics. Previous studies of the leading cause of death
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have predominantly focused on descriptive analyses of trends within specific regions, often
compressing or selecting subsets of the temporal and age dimensions, or examining single
or limited groups of causes (Jemal et al., 2005; Saadat et al., 2015; Bray et al., 2021; Heron,
2021; Korenjak-Cerne and Kejzar, 2022). While Mathers et al. (2009) provides a comprehen-
sive overview stratified by age, geographic region, and sex, such a study still lacks a formal
statistical model capable of providing inference across all these dimensions simultaneously.

The World Health Organization (WHO) maintains a comprehensive mortality database
(World Health Organization, 2024a) encompassing detailed annual tabulations of the leading
causes of death derived from the registration systems of member states, with causes classified
according to the 11th revision of the International Classification of Diseases (1¢D; World
Health Organization, 2025). Specifically, for each combination of country (183 worldwide),
sex (male, female), age class (0-1, 1-4, 16 groups of 5-year width up to 80-84, 85+),
and calendar year (2000, 2005, 2010, 2015, 2020), we consider the leading cause of death,
defined as the cause with the highest number of deaths in that specific subpopulation.
Focusing temporarily on a specific year and sex, this yields 183 vectors of leading causes
of death across 19 age classes. This focus on the leading cause of death is motivated by
two main considerations. First, conducting a more granular cause-of-death analysis at the
global level would require comprehensive and comparable data across all countries and
time periods, which are not currently available. In practice, such detailed cause-specific
data exist only for a limited set of countries with complete and reliable vital registration
systems, restricting the scope for global comparisons. Second, focusing on the leading
cause of death helps mitigate the widespread data quality issues affecting many developing
countries, where incomplete or inconsistent death registration remains a challenge. For
example, World Health Organization (2024b) reports that the WHO mortality database
includes “high-quality” data for only 66 countries, a fact which makes a detailed global
study infeasible.

Over the past century, the epidemiological debate has been dominated by the concept
of epidemiological transition, which posits that countries follow a predictable trajectory of
mortality patterns, transitioning from high mortality due to infectious diseases to other non-
communicable conditions (Omran, 1971). However, this perspective has been increasingly
challenged, as many countries have not followed the expected transitions, with leading causes
of death demonstrating more complex and heterogeneous evolutionary trajectories (Caselli
et al., 2002; Santosa et al., 2014; Mercer, 2018). For instance, in some countries, the leading
causes of death have remained stable in certain age classes, while in others new causes have
emerged or the existing ones have declined at different rates across age classes and calendar
years.

Figure 3.1 illustrates this dynamic landscape through the evolution of the pairwise Ham-
ming similarities (Hamming, 1950) between profiles of leading causes of death for years 2000,

2005, 2010, 2015, 2020, computed as the proportion of age classes for which the leading cause
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Figure 3.1: Pairwise (normalized) Hamming similarity between leading-cause profiles across ages for years
2000, 2005, 2010, 2015, 2020. The color scale ranges from pale cyan (minimum similarity) to blue (maximum
similarity). Blocks refer to the following geographic regions (from left to right and top to bottom): East
Asia & Pacific (EAP), Europe (non Post-Soviet) (EU), Latin America and Caribbean (LAC), Middle East
& North Africa (MENA), Sub-Saharan Africa (SSA), Post-Soviet (P-s), South Asia (SA), Western Offshoots
(wo).

of death is the same across two populations. Each matrix is further divided into blocks cor-
responding to combinations of 8 geo-cultural regions — Sub-Saharan Africa (ssA), Middle
East & North Africa and (MENA), Latin America & Caribbean (LAC), Western Offshoots
(wo), Europe (non Post-Soviet) (EU), Post-Soviet (P-s), South Asia (SA), East Asia &
Pacific (EAP) — which can serve as proxies for the socio-economic characteristics of the
populations (World Bank, 2025; Inglehart, 2006) and are displayed in Figure 3.2. This ex-
ploratory analysis already reveals some interesting patterns. First, it is evident that the
similarity structures are not constant over the 20-year period, but smoothly evolve for both
sexes. As such, this underscores the need for a dynamic clustering framework that takes
into account in a principled manner the varying degree of smoothness of such a process.
Additionally, while geographical features of countries partially account for similarities in
leading causes of death, Figure 3.1 clearly shows that this classification does not fully cap-
ture the phenomenon under analysis. For example, the 2000 male panel shows that East
Asia & Pacific countries have a block-diagonal pattern, indicating similarity only among
certain countries in that region. A similar structure is present in Sub-Saharan female pop-
ulations in 2000. Conversely, some between-region similarities stand out, such as the one in
2000 between European (non P-S) and Middle Eastern & North African male populations.
Lastly, female population similarities tend to be weaker than male population ones, a fact
that supports a separate analysis of the two groups, toward a deeper understanding of this
trend.

These perspectives and the available data motivate a thorough multi-year analysis of
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Figure 3.2: Geo-cultural regions of the world (World Bank, 2025; Inglehart, 2006).

the leading cause patterns across multiple sex-specific populations to investigate local sim-
ilarities and differences over time. Such analysis can enable the identification of previously
unexplored demographic and epidemiological trends, and enhance the understanding of
mortality transitions potentially arising from targeted public health policies adopted by
particular nations. Addressing the dual objectives of accurate mortality characterization
and dynamic clustering discovery requires a principled formulation that accounts not only
for the core structures of the country- and sex-specific leading-cause profiles over age classes,
but also for the temporal clustering patterns among populations arising from overlaps in
these vectors across particular calendar years. Recognizing the necessity for a principled
statistical procedure, we propose a novel Bayesian formulation to model the evolution of
age-period leading causes of death that accounts for the categorical nature of the lead-
ing causes across age classes while incorporating the clustering patterns among countries
that are permitted to evolve dynamically over time. This is accomplished by modeling the
single-year leading-cause profiles via a flexible Bayesian framework that relies on a mixture
of exponential-distance components based on the Hamming distance for categorical vectors.
The partitioning structure implicitly induced by this mixture formulation is then allowed to
change over time, thereby enabling dynamic clustering of countries based on their leading
cause profile. Model-based clustering of categorical vectors has been previously explored in
the literature, mainly in the form of latent class models (Goodman, 1974), which consist of
finite mixtures of multivariate multinomial distributions. While highly flexible, such models
are known to have two major limitations: (i) the requirement of imposing constraints on an
otherwise high-dimensional parameter space, and (ii) the obligation to specify and fix the
number of clusters a priori, which is unsuitable for applications where the number of clusters
is unknown and likely to vary over time. Our proposed model addresses these limitations
by adapting to our setting the recently proposed exponential-distance model from Argiento
et al. (2024), which extends the classical latent class model to a mixture with a random
number of components and enables a natural interpretation of estimated clusters through a

reparameterization of the multinomial parameters in terms of cluster-specific central profiles
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and scale parameters, closely related to the approach previously introduced in Celeux and
Govaert (1991). To our knowledge, the literature on clustering of categorical vectors has
not yet explored the possibility of dynamic clustering, which is a key feature of our model.
In particular, we allow the clustering structure to evolve over time through a dependent
random partition model (tRPM) (Page et al., 2022). The resulting model facilitates the
identification of local clustering patterns among countries for specific years and structural
changes in cause-specific mortality burdens that may concern only subsets of nations.

As clarified in Section 3.3, the proposed structured representation, while maintaining
considerable flexibility, remains amenable to tractable posterior inference via a carefully
designed collapsed Gibbs-sampling algorithm that automatically learns the unknown year-
specific number of clusters and facilitates both point estimation and uncertainty quantifica-
tion on the grouping structures and the resulting mortality patterns. As illustrated in Sec-
tions 3.4-3.5, the ability to identify locally converging or diverging trends in multi-country
age-specific leading cause patterns, while preserving structured representations that account
for the fundamental characteristics of these sequences, represents a significant advancement
in epidemiological and demographic modeling. Such capabilities not only provide more re-
alistic characterizations of mortality transitions across diverse populations but also open
avenues for scientifically addressing important questions regarding epidemiological conver-
gence, divergence, and the corresponding socio-economic and policy implications. Finally,
in Section 3.6 we discuss some potential future directions of research and we underline that,
although our methodological development is motivated by the analysis of age-specific leading
causes of death, the proposed Bayesian temporal clustering framework is broadly applicable
to any context where the goal is to cluster trajectories of categorical vectors observed across

multiple units and time points.

3.2 Model Formulation

Let us denote with y;.; € M, = {1,...,m,} the leading cause of death within population
ie{l,...,n},ageclassz € X = {1,..., X}, and period t € {1,...,T} (which in our case
correspond to calendar years). Since the set of observed causes of death is not constant
across the age classes, it is critical that we let the number of possible values assumed by
Yizt, Namely m,, depend on the age class x. In particular, these values range from 8 to 38
and from 9 to 37 respectively in male and female populations, with high values for younger
populations, and lower values for the perinatal one and the elders, as shown in Table 3.1.
This is not surprising since the leading causes of death for children are more heterogeneous,
while for the perinatal and elder populations they tend to be more concentrated around a
few causes, such as congenital anomalies and birth trauma for the former and cardiovascular
diseases and cancers for the latter. Table 3.A.1 reports the complete list of causes of death,

their corresponding abbreviations used in the figures, and the age ranges where each has
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z |01 14 59 10-14 1519 20-24 25-29 30-34 3539 40-44
my | 8 20 38 31 21 19 16 18 19 16

x ‘45749 50-54 5559 60-64 6569 7T0-74 7579 80-84 85+
mx‘ 18 17 17 18 14 14 12 12 11

(a) Male population.

z ‘071 1-4 59 10-14 15-19 20-24 25-29 30-34 35-39 40-44
m$‘ 9 20 37 36 28 26 27 25 27 26

x [ 4549 5054 5559 6064 6569 70-74 7579 8084 85+
m, | 24 18 17 18 18 15 13 13 11

(b) Female population.

Table 3.1: Number of possible values for the leading causes of death y;,; across age classes.

been registered as a leading cause.

Following the flexible construction in Argiento et al. (2024) for categorical vectors we
posit that, for each year t, the vectors y;, i = 1, ..., n, follow a mixture of K; components,
each corresponding to a cluster of homogeneous populations in year t. The mixture model
is defined as follows:

(it | 0, 03¢) ™ Hamming(ys; | 0ir, 04¢)

N fori=1,...,n
(O | civ = K, 04,) = 0}, (ot | civ = k, o}y) = oy

where ¢; = (¢4, ..., cye) is the vector of latent cluster assignment associated to a partition
of the n countries ¢;, Hamming(- | 8, 0) is the Hamming distribution with center € and
scale o introduced in Argiento et al. (2024) and 0}, = [051;, - .., 05x;) € My x -+ x Mx and
o =05 0ixy) € RT)X k=1,..., K;, are the cluster-specific parameters for year ¢.

The component-specific Hamming(y;; | 0y, o) likelihood is defined as an exponential-

distance distribution

)
Hamming(y;; | i, 0it) exp{ Z Uyia 7 m] } , (3.1)
r=1 Oixt
where 1[-] denotes the indicator function. If common scale parameters o;;; = -+ = 0yx¢ =

o are used across all components of the vectors, then the log-density reduces to the rescaled
Hamming distance (05;) ™' % 1[yiz¢ # 0ie] between the observed profile y;; and the cluster-

specific central one 6; = 67

.t A fundamental advantage of this distance choice is the

availability of a closed-form expression for the normalization constant, which is crucial for
efficient posterior inference (Argiento et al., 2024).

In contrast with standard multinomial mixture models, this representation allows for a
natural interpretation of each cluster as a set of populations whose profile distribution is
concentrated around a central vector 67,, with variability around such a mode controlled by

the scale parameters o, that allow for different levels of dispersion o}, across clusters for
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different components of the profiles, each corresponding to an age class x = 1,..., X. As
such, this formulation also implicitly enables a system of importance weights, which can be
interpreted as the relative importance of each component y;,; in driving the homogeneity of
the cluster, since o},, can be interpreted as the contribution of the z—th component to the
rescaled Hamming distance between the observed y;; and the cluster center 67 .

To capture the temporal evolution in the clustering structure shown in Figure 3.1, we
allow the partition of the countries, and the associated cluster parameters 8}, and o7y,
k =1,...,K;, to evolve over time according to the dependent random partition model
(tRPM) of Page et al. (2022), which permits the clusters to change composition across years
while encouraging temporal smoothness. This is achieved through a Markovian process
pr(cy,...,cr) =pr(e;) [I, pr(c; | ¢;_1), where only a subset of the populations can change
cluster assignment from one year to the next one, as we do not expect abrupt variations
in the clustering structure involving all the populations, but rather that a limited number
of countries experience changes in their leading-cause profiles that bring them closer to an-
other group of country-sex pairs (in case of converging trends) or further away (in case of
diverging trends). This is accomplished by combining a flexible prior pr(c;) on the initial
memberships ¢; with an intuitive two-step transition procedure pr(c; | ¢;—1). In particular,
we assume that the mechanism for the formation of the initial partition ¢; is driven by the
Gnedin process (Gnedin, 2010; De Blasi et al., 2013) with parameter 1. This distribution
belongs to the broader class of Gibbs-type priors (De Blasi et al., 2015), from which it
inherits analytical tractability, and exhibits desirable properties and theoretical guarantees
crucial to approach a clustering task. In particular, this process can be interpreted as a
Dirichlet-Multinomial model with a finite random number of total components K following
distribution pr(K; = k) = %, where (a)p is the ascending factorial a(a+1) - - (a+b—1).
This probability mass function is characterized by the mode at 1 and heavy tails that induce
infinite expectation, which implies an appropriate balance between parsimony of the clus-
tering structure and robustness to the total number of components. This is crucial in the
demographic application, where we expect to observe a converging pattern of disappearing
infectious conditions in favor of non-communicable diseases, such as cardiovascular diseases
and cancer, which are expected to be the leading causes of death in most countries. More-
over, the availability of a closed-form expression also for the distribution of the number of
allocated components enables a moment matching procedure to elicit the hyperparameter
n (see, e.g Legramanti et al., 2022). Furthermore, the above equivalence with mixture of
finite mixtures guarantees the consistency for the estimated grouping structure (Argiento
et al., 2024), which will be adopted in Section 3.4 and Section 3.5.

Let cg_i) be the membership vector ¢; after the removal of the i—th observation, and K f_i)
the corresponding number of clusters. Finally, denote with n,(;) the number of populations
in the k—th cluster of cg_i). Then, under the Gnedin assumption, the predictive distribution

of allocation ¢;; of population ¢ in year 1, given the other n — 1 allocations, coincides with
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pr(cy | ™) n,(;) (n—1— K +n) for clusters k =1, ... , K" already occupied by the
other n — 1 populations, and pr(¢;; = K541 \ cgfi)) x Kffi)(Kffi) —n), for a new cluster
K {_i) + 1. This urn scheme clarifies the role of the parameter n as discount factor in cluster
formation and will be crucial in the definition of the transition distribution pr(¢; | ¢;—1) and
in the construction of the sampling scheme in Section 3.3.

The prior on ¢; is then combined with a tractable yet flexible transition mechanism pr(c; |
ciq) for t = 2,...,T, as introduced by Page et al. (2022) and detailed in Introduction.
Specifically, through a system of latent binary indicators ~; e Ber(ay),i=1,...,n, at each
time t a subset of populations is randomly selected to be eligible for cluster reassignment
(7it = 0), while the remaining are kept in the same cluster as in the previous period (vy;; =
1). Then, conditionally on v, = [yi¢, .., Yne), only a subset of all possible partitions of n
individuals is compatible with ¢;_1, in particular those that can be obtained from ¢, ; by
changing allocations only for the populations i for which ~; = 0, and we denote this set
with C(¢;—1,7:). To conclude, ¢; is sampled from this set of compatible partitions with
probability proportional to the one assigned by the Gnedin process assumed for ¢ = 1.
While simple in its construction, this procedure is highly flexible, allowing for a data-driven
estimate of the period-specific number of clusters K;, thanks to the Gnedin process prior on
c1, and a varying degree of temporal smoothness in the clustering structure, controlled by the
parameter oy € (0,1), which can be interpreted as the expected proportion of populations
that are allowed to change cluster assignment from ¢ — 1 to t.

The Bayesian formulation is concluded by specifying priors on the cluster-specific param-
eters 05, oy, and the partition persistency parameter oy, fort =1,...,Tand k =1,..., K,.
Following Argiento et al. (2024), we elicit independent uniform priors on {1,...,m,} for
the components of the cluster centers 0;,, and a semi-conjugate Hypergeometric Inverse

Gamma o7, ~ HIG(aZ,b7) prior on the scale parameters o,,. The latter is defined as

)T

] 1) 1
1+ (m, —1)exp (— >] exp <— e ) (3.2)

Ol:a:t O-I:It (szt)Q 7

p(azxt) X

for o, > 0, where af > 0 and b7 > 0 are hyperparameters that control the importance of
each component of the vector in determining the cluster homogeneity (see Argiento et al.,
2024, for a thorough analysis). Lastly, we assume independent conjugate Beta priors a; ~

Beta(aq, by) on the transition parameters oy, for t = 1,..., T, with hyperparameters a,

[ 7eN

aa+ba
allowed to change cluster assignment in the transitions.

and b, controlling the prior mean for the expected proportion of populations that are
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3.3 Bayesian Computation and Inference

Posterior inference on the Bayesian model parameters in Section 3.2 is performed through
Monte Carlo procedures leveraging draws from a collapsed Gibbs sampler targeting the pos-
terior distribution of the parameters given the observed leading causes of death (y;1y, - - -, Yix¢),
1 = 1,...,n, observed in the different periods t = 1,...,T. In Section 3.3.1 we describe

such a Gibbs sampler, while in Section 3.3.3 we discuss the Monte Carlo inference.

3.3.1 Collapsed Gibbs sampler

The proposed scheme alternates between two main steps, corresponding to the two main
components of the model: (i) sampling the tRPM parameters, and in particular the dynamic
partitions of the populations, and (ii) sampling the cluster-specific centers 65, for k =
1,...,K;and t = 1,...,7. In contrast, the scale parameters o}, are marginalized out
from the posterior distribution, by considering the marginal likelihood formulation detailed
in Argiento et al. (2024, Proposition 3). First, we draw the cluster assignments and the
related tRPM hyperparameters by adapting the scheme in Page et al. (2022, section B,
Supplementary Materials) to our setting. Then, conditionally on the sampled partitions, we
draw the cluster-specific centers from their full-conditionals, by adapting the procedure in
Argiento et al. (2024).

As for the tRPM block of the model, we alternate sampling of the latent variables «; and
¢, for every time period t. We start by sampling the latent variables 7, for t =2,...,T,
independently for ¢ = 1,...,n, from their full-conditional distribution presented in Page
et al. (2022)

at 1—\(+1) 1—*("’”
pr(vu=1]-)= ) )]l [@ttl =t ,

o+ (L —a)p(el ) el

i (=i) _ ) _ ) g ry" ry
where I'y = {i: v, = 1}, Iy 7 =T\ {i}, I =1} 7 U {i}. Moreover, ¢, and ¢,
are the partition ¢; restricted to populations in Fgﬂ) and Fgﬂ), respectively. The quantity

(+1) (—i)
p(@f k ) /p (@trt ) at the denominator is the ratio of the Gnedin process probabilities of the

two partitions and it is equivalent to the conditional probability p(c; | @Fg_i)), which can be
computed in closed form as discussed in Section 3.2.

Then, to satisfy the compatibility constraint, we sample the variables ¢;; only for popu-
lations ¢ ¢ T';, that is, those populations that are eligible for cluster reassignment, while we
set c;; to the allocation at the previous time step ¢; ;1 for ¢ € I';. Let us denote with cgcit:k)
the vector ¢; with the i—th entry set to k, and recall that cg_i) and Kt(_i) are the mem-
bership vector ¢; after removal of the i—th entry and the corresponding number of clusters.

Leveraging Bayes rule and the predictive scheme of the Gnedin prior, the full-conditional
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distribution of ¢;; for k=1,..., t(fi) + 1 is given by

Cit Zk‘)

prci = k | =) o< pr(cy = k | ¢ N [ei € Cel™ ™ v (v | 65,),

where (C(cgc“zk), ~e+1) is the set of all partitions at time ¢ + 1 that are compatible with the
current allocation c§‘3“:’“) and the latent variables 4,1, which are sampled in the previous
step. The first term at the right-hand side is the Gnedin prior probability of the allocation
ciy = k, while the second term is the marginal Hamming likelihood of y;; given the cluster-
specific parameters 65, presented in Argiento et al. (2024, Proposition 3) . The compatibility
constraint ensures that only those allocations that are compatible with the future allocations
¢y are considered, as required by the tRPM construction. Notice that only compatibility
with the future allocations ¢, is required, as the one with the past ¢;_; is already satisfied
by construction.
We conclude the tRPM block by sampling the hyperparameters a; from their full-conditional

distribution, which is obtained through the conjugate update of the Beta prior as

(a | :) ~ Beta (aa—FZ’m, bﬁn—Z%t) L ot=2,...,T

i=1 i=1

The second step of the Gibbs scheme consists in sampling the cluster-specific parameters
0;,, fork=1,...,K;andt =1,...,T, conditionally on the sampled partitions ¢; (and latent
variables =;), from the full-conditional distribution derived in Argiento et al. (2024). In
particular, the components 605,, of cluster centers are sampled from categorical distributions
with probabilities p(67,, | =) = pP({Yiut: cit = k} | Oy, ) for O3y, € {1,...,m,}.

3.3.2 Adaptive Parallel Tempering

Although the Gibbs sampling scheme detailed in Section 3.3.1 is theoretically valid, the
posterior distribution involves a complex, high-dimensional discrete space defined by the
sequence of dependent random partitions. To prevent the sampler from becoming trapped
in local modes, a common risk in such settings, we improve the standard Gibbs routine
with an adaptive Parallel Tempering (PT) framework, a method proven to facilitate the
exploration of challenging probability landscapes (Earl and Deem, 2005; Syed et al., 2022).

The core mechanism involves simulating multiple chains at varying temperatures: high-
temperature chains explore the space broadly by sampling from flattened distributions, while
lower-temperature chains focus on local refinement of the true posterior, gradually approach-
ing the chain with the minimum temperature (equal to 1), which targets the true posterior.
Periodically, these chains exchange their most recent states via Metropolis-Hastings moves,
which preserves detailed balance. Furthermore, to avoid manual prior tuning of the tem-
perature schedule, we employ the stochastic optimization approach of Miasojedow et al.

(2013), which recursively adjusts the temperature grid to target specific acceptance rates
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via Robbins-Monro updates. Combined with non-reversible deterministic swaps (Syed et al.,
2021), this setup guarantees that the global exploration achieved at high temperatures is

efficiently transferred to the chains of interest, ensuring reliable inference.

3.3.3 Monte Carlo Inference

Posterior inference on quantities of interest is performed via Monte Carlo, relying on samples
drawn by the routine outlined in Section 3.3.1. Our primary focus is to uncover cluster-
ing structures among populations, based on similarity between trajectories of age-specific
leading causes of death. We summarize the posterior samples of the membership vectors
cit, for i = 1,....nand t = 1,...,T, through the n x n posterior co-clustering matrices
P,, for t = 1,...,T. The generic element lst[iyi/] corresponds to the proportion of posterior
samples in which populations ¢ and i’ are assigned to the same cluster at time ¢. This yields
an estimate of the posterior probability pr(c; = ¢ | Y), given the three-dimensional array
of leading causes of death across all age classes and periods Y, serving not only as a point
estimate but also as quantification of uncertainty in the clustering patterns.

To obtain a point estimate ¢&; of ¢;, foreacht = 1,...,T, we rely on the decision-theoretic
framework of Dahl et al. (2022). Given the above posterior co-clustering matrices and the

posterior samples, the estimate is obtained by solving the optimization problem

¢é; = argmin E[Vvi(e;, c}) | Y],
<

where VI is the variation of information distance, which has been introduced by Meila (2007)
as an information-theoretic measure for differences between two partitions of the same set of
entities. We find the minimizer of such a problem, for each t = 1,...,T, via the R package
salso (Dahl et al., 2022).

To characterize the estimated clusters we obtain straightforward plug-in estimates for
the centers and scales, conditionally on the computed partitions. Let K, be the number of
estimated clusters at period ¢, then, for every x = 1,..., X, and k =1,..., f(t, a sensible

proposal for the center components is the marginal posterior mode
or ., = argrenax pr(0,, =0 Y, c. = &),
while for the scale parameters we consider the posterior median
Oy = median (o;,, | Y, = &) .

Monte Carlo estimates of 87, and 6}, can be obtained relying on additional samples from
the full-conditional distributions of the cluster-specific parameters, given the estimated par-

titions ¢&;. In order to obtain draws from both the centers and the scale parameters, we em-
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ploy in this phase a standard Gibbs sampler, without marginalizing out o}, k = 1,..., K,
andt =1,...,T. In particular, the components 0;,, of cluster centers are sampled from cat-
egorical distributions with probabilities proportional to exp{—(nk — >2;. c;y=t L[¥iat = ])}
for - € {1,...,m;}, where ny, is the number of populations in cluster k at time t. The
scale parameters oj,, are sampled from Hypergeometric Inverse Gamma distributions with
parameters af + ;. o, = L[Yizt = O] and b7 +n — 3. o, —p LYiar = 07y

It is important to underline that we must use quantile-based summaries of the full-
conditional distributions of the scale parameters, as the HIG distribution has infinite mean
for every possible value of the hyperparameters, and so does the full-conditional distribution
(Argiento et al., 2024). We refer to Argiento et al. (2024) for an alternative parameterization
of the scale parameters, as wj,, = exp(—1/0%,,), for which analytical expressions of the finite
mean and mode are available, both for the prior and the full-conditional distributions.

Finally, we summarize the posterior samples of the transition parameters oy, for ¢t =
2,...,T, through their posterior means and highest posterior density credible intervals,
which are obtained from the samples of the full-conditional distributions, drawn during the

main Gibbs scheme detailed in Section 3.3.1.

3.4 Simulation Study

To evaluate the performance of the proposed model, we conduct a simulation study based
on synthetic data generated as follows. We consider a scenario with n = 100 populations,

T = 8 years, and X = 5 age classes, with m, = {3,7,7,7,4} possible categories for each
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Figure 3.3: Realization of the simulated data: (top) the evolution of the partitions, (bottom) cluster-
specific centers.
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age class. To check the robustness of the results, we replicate the simulation 100 times,
fixing the number of clusters for every year, their sizes and the number of populations
transitioning between clusters across years, while randomly generating the populations that
change allocations. For each combination of cluster and year (k,t), we fix a modal profile 65,
and we sample the observed components y;,; from categorical random variables that assign
0.95 probability to the modal value 60;,; = 6, ., and spread the remaining 0.05 probability
uniformly across the other possible values for each age class x. The top panel of Figure 3.3
illustrates a realization of the simulated dynamic partition across years, which shows smooth
transitions between configurations with varying numbers and sizes of clusters. Moreover,
the bottom panel displays the cluster-specific modal profiles, which highlight the differences
in leading causes of death across clusters, age classes, and years. Reflecting the realistic
scenario of leading causes of death, we impute at the fifth year a sudden change in the
partition structure, with a new small cluster emerging, which is characterized by a center
that is significantly different from the others. This change is designed to mimic the impact of
external shocks, such as natural disasters or wars. Additionally, we also induce a significant
change in the modal profiles in the seventh and eigth years, which is designed to resemble
the impact of a global coOviD-19 pandemic.

The model in Section 3.2 is fully specified by setting the hyperparameters as follows. We
fix ag = 5,4.5 and 4 respectively for m, = 3,4 and 7, while b7 = 0.25 for every age class.
This choice allows to achieve an approximate uniform prior on the normalized Gini index
(Gini, 1912) of each categorical variable, as suggested by Argiento et al. (2024) to reflect the
absence of knowledge on the variability of the phenomenon. We fix the Gnedin parameter
n = 0.5, which implies a prior expected number of clusters close to 9, which is significantly
larger than the maximum number of true clusters across years. The hyperparameters of the
Beta priors on the transition parameters oy, t = 2,...,T, are set to a, = b, = 1, which
correspond to a uniform prior on [0, 1], reflecting our lack of prior knowledge on the expected
proportion of populations that are allowed to change cluster assignment from one year to
the next. We fit the proposed Bayesian model to the simulated data using the PT scheme
relying on a collapsed Gibbs sampler described in Section 3.3.1, running 30,000 iterations
and discarding the first 5,000 as burn-in, and thinning by 10 iterations, obtaining a sample
of size 2,500. Posterior inference is performed as in Section 3.3.3, focusing on the recovery
of the true clustering structure and cluster-specific parameters.

Consistent with our overarching goal, we first assess the model’s ability to recover the true
clusters by computing the normalized mutual information (NMI1) (Kvalseth, 1987) between
the simulated and estimated partitions for each year. The NMI is an information-theoretic
measure of similarity between two partitions, that can be computed as the normalized dif-
ference between the joint entropy and the Vi of the two partitions. As such, it assumes
values close to 1 when the two partitions are similar (low v1), and close to 0 when they are

dissimilar (high vr). Table 3.2 reports the quartiles of the NwmI, across the 100 replicates,

73



3.5 Application to Worldwide Data DyNaMiCc CLUSTERING OF LEADING CAUSES OF DEATH

Cluster recovery Central profile recovery
Year 1 2 3 4 5 6 7 8 Year 1 2 3 4 5 6 7 8
Min 0.85 0.88 0.85 0.93 087 092 096 0.92 Min 092 090 092 092 092 093 092 0.93
Q25 0.95 0.94 0.89 097 097 097 1.00 0.96 Q25 094 094 093 094 094 094 095 094
Median 0.97 0.97 0.89 1.00 0.99 1.00 1.00 1.00 Median 0.95 0.95 0.94 0.95 0.95 095 095 0.95
Q75 0.98 1.00 0.89 1.00 1.00 1.00 1.00 1.00 Q75 0.96 095 095 096 096 096 0.96 0.95
Max 1.00 1.00 1.00 1.00 1.00 1.00 1.00 1.00 Max 0.97 098 096 098 097 097 097 0.97

Table 3.2: Summary statistics of simulation performance metrics across 100 replications.

between the true and estimated partitions, illustrating the ability of the proposed Bayesian
temporal clustering model to capture the dynamic partition patterns in multivariate cate-
gorical data, with the NMI values close to 1 for most replicates and years. We proceed with
the analysis by verifying the model’s ability to recover the cluster-specific central profiles
0;,, for k =1,..., Ky and t = 1,...,T. In particular, for each population i« = 1,...,n
and year t = 1,...,T, we compare the observed data y;; with 0 = égﬁt, computing the
normalized Hamming similarity §; = (1/X) Y0, 1y = éixt], which corresponds to the
proportion of correctly recovered components. We then take the mean across populations,
§ = n~'Y" | 8, obtaining a global measure of accurate recovery for each year ¢. The
quartiles, across the 100 replicates, of such a measure in Table 3.2 show that the model is
not only able to recover the clustering structure, but also to accurately estimate the cluster-
specific central profiles, with no values below 0.92 for every possible combination of year
and replicate.

These results demonstrate that the proposed Bayesian temporal clustering model can
effectively identify dynamic clustering patterns and characterize cluster-specific center struc-

tures in time-indexed multivariate categorical data.

3.5 Evolution of Leading-Cause Profiles in 183 Coun-

tries in the 215 century

In this section, we illustrate the ability of the proposed model to capture the evolution of
the leading causes of death profiles across multiple countries and age classes, focusing on
the period from 2000 to 2020. The analysis is conducted on the WHO mortality database
(World Health Organization, 2024a), described in Section 3.1, which contains the leading
cause of death for each combination of 183 countries, 2 sexes, 19 age classes, and 5 calendar
years. To fit the model, we elicit priors following a similar approach to the one described
in Section 3.4, but with some modifications to account for the specific characteristics of
the data. In particular, we fix a7 = 4 and b = 0.25, for every z € X and the Gnedin
parameter 1 = 0.55, implying an a priori expected number of clusters around 9, which
is a reasonable assumption that aligns with the results of preliminary explorative analyses

performed separately for each year. Finally, we opt again for a uniform prior on a4, for every
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Smoothness parameter alpha NMI — Female
1.00+
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Figure 3.4: Left: Posterior means (dot), 95% highest posterior density credible intervals (whiskers) for
estimated transition parameters ;. Right: pairwise NMI between the clustering structures estimated for
each year. Colors range from blue (minimum NMI, 0) to yellow (maximum NMmI, 1).

t=2,...,T. As in the simulation study, the sampling scheme is run for 30,000 iterations,
with the first 5,000 discarded as burn-in, and thinned by 10 iterations, yielding a posterior
sample of size 2,500.

The left panel of Figure 3.4 displays the posterior means and 95% highest posterior
density credible intervals of the transition parameters oy, which describe the estimated
smoothness in the evolution of countries’ partitions over time. The posterior means fluctuate
around 0.55 for both male and female populations across the four transitions, showing a
slightly increasing trend from 2005 to 2015. This is followed by a mild decline in the
transition to 2020, likely associated with the cOvID-19 pandemic, which interrupted the
convergence process of the leading causes of death landscape. These findings are supported
by the pairwise NMI between the estimated partitions for each year, illustrated in the right
panel of Figure 3.4. These quantities extend the analysis of partition similarity beyond
consecutive time points, highlighting a substantial change from 2000 to 2015, with overlaps
of 49% and 54%, in NMI terms, for male and female populations, respectively.

Figure 3.5 offers a comprehensive visualization of the evolution of estimated partitions by
mapping cluster memberships from 2000 to 2020. Despite the dynamic landscape presented
in Figure 3.4, some stable relationships persist across the years. Notably, a substantial
group of 17 female populations demonstrates consistent co-clustering. This includes females
from all Western Offshoots but the USA, Singapore, the UK and Ireland, the four Scandina-
vian nations, all major continental Western European countries (the Netherlands, Belgium,
France, Germany, Switzerland, Austria), and Spain; all of these remain in the dark red
cluster throughout the observed period. Consistent co-clustering across the five years is also
evident in 9 female populations from Southern Africa, as well as 13 countries from the Mid-
dle East & North Africa and the Pacific Islands, which always belong to the dark blue and
red cluster, respectively. It is noteworthy that the strong convergence trend toward fewer
clusters found in female Sub-Saharan African populations is not observed in males, whose
structure is characterized by a greater volatility. Nevertheless, we identify two large groups

of male populations that share cluster memberships across all five years, too. The first set
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Male - 2010

Figure 3.5: Countries colored according to the estimated cluster memberships, for both male
(top) and female (bottom) populations.

includes 14 countries, consistently belonging to the dark red cluster, and partially overlaps
with the aforementioned 17 female populations from developed countries, differing only in
the exclusion of continental Western Europe and the inclusion of Iceland, Lithuania, and
Japan. The final example of continuous co-clustering involves of 12 countries from South-
ern Europe (Italy and Greece), the Middle East (Lebanon, Azerbaijan, Bahrain, Kuwait,
Oman, Saudi Arabia, and the UAE), and the Indian Ocean region (Brunei, Malaysia, and
Mauritius). These nations always fall within the orange cluster, a group frequently joined
by other Northern African countries, Argentina, and the USA.

We extend the analysis by examining the estimated clusters in terms of the corresponding
central profiles, éZw for k =1,... ,[A(t and t = 1,...,T, as displayed in Figure 3.6. The
opacity of the cell colors indicates the strength of the representativeness of the estimated
central component égxt. Specifically, this is defined as the proportion of countries in a
cluster with the same age-specific leading cause as the one displayed, with more opaque
cells corresponding to higher representativeness. First, there is clear overall stability in
the estimated profiles for both sexes over the observed period, with a notable absence of
abrupt year-to-year changes. The only sudden shifts are associated with the emergence of
respiratory system cancers (C2) in the 2005 panels, which will be discussed in more detail
below, and the onset of the cOVID-19 pandemic (I7) in the 2020 panels. This consistency
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in the estimated profiles allows us to identify recurring patterns. Both male and female
populations can be divided into two macro-groups based on the leading cause of death
among individuals aged 50 and over: ischaemic heart disease (V2) in the first group, and
tuberculosis (I6) or stroke (V3) in the second. Interestingly, this division is closely linked
to the geography, particularly for males, where the second group consists almost entirely of
populations from Sub-Saharan Africa and the East Asia & Pacific region.

Notably, in 2000, several clusters (two among males and three among females) are com-
posed almost entirely of countries located in Sub-Saharan Africa. The two male clusters
share HIV/AIDS (I2) as the predominant cause of death among individuals aged 25-49 but
differ in mortality at younger and older ages, where tuberculosis and stroke become dom-
inant. Among females, two clusters exhibit mortality profiles similar to those observed
among males, while a third cluster emerges, distinguished by the incidence of maternal con-
ditions (N3) during women’s reproductive years. The evolution of these clusters is strongly
driven by the declining burden of tuberculosis (16), a pattern particularly noticeable among
female populations. Indeed, the eighth cluster in the 2000 female panel of Figure 3.6 already
displays a moderate prevalence of tuberculosis, indicated by the cells’ transparency, which
steadily decreases until 2020, when the Sub-Saharan tuberculosis-related cluster merges with
its contiguous one. African male populations are affected by this trend to a lesser degree,
possibly delayed by some years, as we notice a reduced scope of the tuberculosis-related
Sub-Saharan cluster only in 2020. Conversely, some East Asian & Pacific male populations
show a more consistent reduction of the tuberculosis burden. As such, the eighth cluster in
the 2000 male panel of Figure 3.6 is only weakly characterized by tuberculosis, which is later
replaced by stroke. Interestingly, this scenario differs from the female one as it affects not
only different populations but also different age groups. These findings may support a fur-
ther investigation into the dynamics of the tuberculosis burden and the disparities between
male and female populations.

Latin American males present a distinct and evolving phenomenon. At the beginning
of the century, they show similarities with both developed and developing countries, but
subsequently converge toward a distinctive profile that diverged from other nations. More
specifically, in 2000, the majority of countries from Central and South America formed two
distinct clusters (fourth and fifth rows in the top-left panel of Figure 3.6). Both are charac-
terized by ischaemic heart disease as the main cause of death among people aged 50 years or
older, a characteristic shared with clusters comprising middle- and highly-developed coun-
tries from Europe, Western Offshoots, and the MENA region (first three rows in the top-left
panel of Figure 3.6). The first cluster includes many of the continent’s largest countries
(Brazil, Colombia, Ecuador, Guatemala, Honduras, Mexico, Nicaragua, Paraguay, El Sal-
vador and Venezuela) and is highly distinguishable due to the peculiar extended influence of
interpersonal violence (X2) as the leading cause of death spanning the 15-19 to 4549 age

classes. On the other hand, the second Latin American cluster consists mainly of smaller
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insular nations (Antigua and Barbuda, Barbados, Bolivia, Dominican Republic, Grenada,
Guyana, Haiti, Panama, Peru, Saint Vincent and the Grenadines, and Suriname) and, while
similar to developed countries regarding the older population, this cluster’s younger pop-
ulation are more closely related to Sub-Saharan and Fast Asian & Pacific countries, as it
is characterized by a large window (ages from 25 to 49) of HIv/AIDS (I2) influence. The
multi-faceted profile of this cluster evolved smoothly in 2005, when interpersonal violence
emerges as the representative leading cause among males aged between 20 and 29 years.
This evolution continued more strongly in 2010, when the two clusters merge into a single
one and HIV/AIDS almost completely disappears from the estimated cluster profile. This
transitional nature of the cluster can also be observed in the more transparent cells corre-
sponding to adolescents and young adults in the aforementioned Latin American cluster,
which depicts the mixed and unstable landscape of these countries in the early 2000s.

This pattern is only partially mirrored in Central and South American female pop-
ulations, which are more dispersed across different clusters than their male counterparts.
Nevertheless, in 2000 we notice a distinct, strong influence of diabetes among adults in some
clusters including nations from Latin America; this persists in more recent years, though
these clusters also include some East Asian & Pacific countries. The burden of diabetes is a
well-acknowledged issue in this region. Its high prevalence and mortality are often ascribed
to low awareness and unhealthy dietary habits, as well as late identification and limited
access to insulin (Aschner et al., 2014; Sinisterra et al., 2019; Lopez-Jaramillo et al., 2021).
Mexico, in particular, constitutes a worrying scenario (Meza et al., 2015), not only due to
strong genetic susceptibility but also to the scarcity of clean water accessibility, which often
reflects in the high consumption of cheap, sugary beverages (Stern et al., 2019). In the last
decades, awareness surrounding this increasing burden has grown, leading to tailored policies
expected to reduce the impact of diabetes on the Mexican population (Barrientos-Gutierrez
et al., 2017).

On the other hand, we identified two additional clusters within the female populations
that serve as a bridge between the European, MENA, and Western Offshoots nations, char-
acterized by profiles involving road accidents, breast cancer, and ischaemic disease, and the
Sub-Saharan clusters, which are dominated by maternal conditions, HIV/AIDS, and stroke.
The first of these groups (first row in the first four female panels of Figure 3.6) is geo-
graphically diverse and is homogeneous mainly due to ischaemic disease being the leading
cause of death in older populations. In contrast, the leading causes in early life and among
young adults (lower respiratory system infections and maternal conditions, respectively) are
similar to those of the first cluster with a Sub-Saharan majority (sixth row in the 2000,
2010, and 2015 panels and fifth row in the 2005 panel). However, it is important to note
that these causes do not strongly represent the populations in the cluster, reflecting the
varied scenario for these age groups. In contrast, the second cluster of this type resembles

European and MENA clusters regarding leading causes among young people, such as road
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accidents, self-harm, and breast cancer, while resembling Sub-Saharan clusters regarding
stroke in older populations. This latter cluster comprises countries from Europe, East Asia,
and South America, with Albania, Chile, China, Montenegro, North Macedonia, Portugal,
South Korea, and Vietnam consistently belonging to it across the analyzed period.

Shifting the focus to clusters with a European majority, we observe in Figure 3.6 the
emergence, for both males and females, of a cluster whose estimated central leading cause
of death in late adulthood (55-74) is cancer of the respiratory system. Although this trend
is present in both sexes, the cluster members differ. For female in 2010, we observe a more
heterogenous cluster of larger size, where only some of the countries are primarily affected by
respiratory cancers, and the homogeneity is instead still more strongly driven by widespread
self-harm, breast cancer, and ischaemic heart disease as the leading cause of death in the
25-34, 25-54, and 70-74 age classes, respectively. This cluster includes Nordic countries
(Scandinavia, Iceland, the UK, and Ireland), the Benelux, German-speaking countries (Ger-
many, Austria, Switzerland), and several Mediterranean nations (Spain, France, Italy, and
Greece), as well as all Western Offshoots except the USA. The composition of this cluster
remains largely unchanged in 2015, with 21 of its 23 members already present in 2010, but
the homogeneity around respiratory cancers increases, particularly among individuals aged
60-69. In contrast, among males, a smaller but more homogeneous cluster already emerges
in 2010, comprising Belgium, France, the Netherlands, Slovenia, South Korea, Spain, and
Turkey. Interestingly, all of these countries except Turkey also share self-harm as the leading
cause of death in adults. It is worth noting that only a few of these countries also appear in
the corresponding female cluster, which instead overlaps more with the second male cluster
in 2010 panel in Figure 3.6, including 18 of the 25 countries from the female one. As stated
in Tanday (2016), it must be stressed that the appearance of this trend around 2010 should
not be mistaken for an increasing, and therefore alarming, trend in mortality related to res-
piratory cancers. In fact, despite a decrease in the incidence of such cancers, the observed
phenomenon results from a faster decline in deaths due to cardiovascular diseases (Townsend
et al., 2016; European Heart Journal, 2016), which consequently cease to dominate as the
leading cause of death. The inferred differences between male and female patterns align
with recent findings (e.g. Jani et al., 2021), which highlight a faster decrease in male lung
cancer mortality rates compared with the steadier decline observed among females.

Over the last decade, many countries, particularly high-income and low-mortality ones,
have experienced an increase in the burden of premature mortality due to “deaths of de-
spair”, especially those caused by self-harm (Hawton et al., 2012; Case and Deaton, 2021,
2020). This trend is also evident in the evolution of cluster profiles, as shown in Figure 3.6,
which highlights the growing impact of self-harm, evidenced by both the increased number
of affected male populations (corresponding to taller tiles in Figure 3.6) and the younger
age groups involved. Notably, self-harm became the leading cause of death for the 10-14

age group in three clusters in 2020. To gain a deeper understanding of this scenario we show
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Figure 3.7: Left: number of populations with self-harm as the leading cause for male (blue lines) and
female (red lines) populations across age classes and years. Right: proportion of populations from each
region with self-harm as the leading cause for male and female populations across age classes and years.

in Figure 3.7 how the number of age-specific sub-populations with self-harm as the leading
cause of death has changed across years, regions and sexes. While there are some differ-
ences between the male and female populations, we highlight some persistent trends. First,
the total number of such sub-populations has increased over the last twenty years, from an
observed minimum of 263 (154 male, 109 female) in 2000 to 425 (247 male, 178 female) in
2020. Moreover, we initially observe a bimodal distribution of self-harm cases in the female
population, with one peak in adolescence and another in adulthood, but has since shifted
toward a unimodal, right-skewed distribution with a single peak at younger ages. On the
other hand, the male population has never exhibited a bimodal pattern, but shares with
the female population the shift to younger ages, although the modal age never reaches the
early adolescent ages. Figure 3.7 raises a particular concern for Western Offshoots, whose
observed leading causes are displayed in Figure 3.8. The shift toward an earlier onset of
self-harm is evident and applies to both females and males; moreover, the latter still show
a wider impact range, reaching adults up to age 49. Furthermore, the pciture highlights
that the UsA is also affected by conditions related to deaths of despair, even though this
group appears in the high-intensity clusters (dark red in Figure 3.5) only in 2020 for males.
While self-harm is not as widespread a leading cause as it is in Australia, Canada, and New
Zealand, there is a strong presence of drug use disorders (X4). This trend began in 2005
with females aged 35-39 and later spread to the 20-24 and 45-49 age groups. Males are
affected by a similar pattern, but with a five-year lag. This analysis demonstrates that while
the self-harm trend is clear, a complete evaluation of the “deaths of despair” phenomenon

requires a classification of causes tailored to the specific problem, which goes beyond the
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Figure 3.8: Observed leading causes of deaths in Western Offshoots over the analyzed period.

scope of this study.

The composition of the self-harm-related male clusters is also noteworthy. In 2000,
one cluster was mainly composed of European (non P-S) and Western Offshoot countries,
characterized by a much later onset of self-harm than the second cluster, which primarily
included post-Soviet and East Asia & Pacific countries. This clear division gradually faded
due to the earlier onset of self-harm as leading cause in countries from the first cluster
(columns 3 and 9 of Figure 3.7), aligning them with those in the second cluster (columns 2
and 6 of Figure 3.7). By 2020, the main difference between the two clusters only lies in the
more extended duration of the self-harm window in the one mainly composed by European
countries. Moreover, it is noteworthy that, despite the emergence of coviD-19 in 2020,
self-harm continues to be a leading cause of death among adolescents and young adults.

Although a similar trend is partially present among females (bottom half of Figure 3.6),
there are clear differences. The main one concerns the number of affected age groups, which
is significantly smaller for women due to the strong influence of female-specific causes of
death, such as breast cancer and maternal conditions, which contribute to the earlier dis-
appearance of self-harm. This difference also impacts the geographical composition of these
clusters. Indeed, a Europe (non P-S) and Western Offshoots cluster is present across all five
years and remains unaffected by countries from other regions, unlike the male population.
The other cluster of female populations has self-harm as the leading cause only in the 15-19
age group and includes populations from Central and South America, North Africa, and the
Middle East. These sex-specific differences are well established in the literature (see, e.g.,
Knipe et al., 2022) and are clearly illustrated in Figure 3.7, which shows a stronger impact
among females in younger age classes (10-14 and 15-19), reversing in older age classes (20—
24 to 45-49), where self-harm is more prevalent among males. Although this pattern has
long been observed in post-Soviet countries, it has notably widened in recent years across

other European countries.
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To conclude the analysis of the estimated clusters, we stress that the proposed model
successfully captures potential shocks induced by sudden external and unexpected events.
For instance, we observe in 2010 and 2015 the emergence of clusters related to earthquakes
in Haiti (in males) and in Nepal (in females), respectively (DesRoches et al., 2011; Hall
et al., 2017). The model also captures the impact of the 2010 East African drought, which
led to a severe famine in Somalia (Maxwell and Fitzpatrick, 2012). This event is reflected as
a cluster characterized by protein-energy malnutrition as the leading cause of death across

almost all age classes in the male population.

3.6 Conclusions and Future Research Directions

Leading causes of death are a straightforward yet fundamental indicator of population
health, providing an interpretable summary of mortality patterns. Analyzing age-, period-,
and sex-specific leading causes of death across multiple populations is crucial for understand-
ing the evolution of health conditions and identifying emerging health threats. In this work,
we have introduced a Bayesian model for clustering profiles of leading causes of death across
multiple populations, leveraging the temporal structure of the data through a time-varying
random partition model (tRPM). Profiles of leading causes of death within each year-specific
cluster are modeled as vectors of categorical variables through a highly interpretable model
that parameterizes the profile distribution in terms of cluster centers and scale parameters.
The resulting model is suitable for tractable posterior inference through a collapsed Gibbs
sampling scheme embedded in a PT framework. This approach not only allows for clustering
estimation but also provides estimates of the cluster centers and the scale parameters, which
are crucial for understanding the underlying health patterns. We have applied the proposed
model to a comprehensive dataset of leading causes of death from 183 countries stratified
by two sexes and 19 age classes, covering the period from 2000 to 2020. The results reveal
interesting stability across years and sexes, with some differences mainly attributable to
the occurrence of sex-specific causes of death. Moreover, we have identified a clear con-
nection between the estimated population clusters and geographic regions, highlighting the
importance of socio-economic and health conditions in shaping mortality patterns. We con-
cluded by identifying two major transitions in the last twenty years. First, we observed
the replacement of ischaemic heart disease with cancer of the respiratory system as leading
cause of death among older adults in lower-mortality countries. This shift is ascribable to
the rapid decline in mortality rates of the former, driven by focused and effective preven-
tive measures. Second, we highlighted the worsening trends of self-harm which involve an
ever-increasing number of countries across different regions and worryingly extend toward
younger age groups.

An important future research direction involves improving the distance evaluation be-

tween the observed vectors of leading causes of death and the cluster centers. The Hamming
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distance used in this work is a simple yet effective measure, but it does not account for the
intrinsic ordering of the age classes. While this has not resulted in significant issues in
the application presented here, it is worth exploring more sophisticated distance measures.
Optimal matching (Abbott and Forrest, 1986) is a well-known method for comparing se-
quences of categorical variables, which could be adapted to our setting. However, its use
is often limited by computational complexity, due to the intractability of the normalization
constant in the likelihood of the exponential-distance model. A possible solution could be
to leverage approximate Bayesian computation (Sisson et al., 2018) to estimate the model
parameters, which would allow for more flexible distance measures without the need for
exact likelihood computation. A less computationally intensive alternative approach could
be to use a distance measure that accounts for the age proximity without losing the ability
to compute the likelihood in closed form.

We conclude the discussion by highlighting the potential of the proposed model for
further applications beyond the analysis of leading causes of death. The model can be
adapted to other types of categorical vectors and can be applied to domains where the

dynamic nature of clustering structures is crucial.
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3.A Table of causes

Table 3.A.1: Causes of Death

Abbreviation Cause Age Range
AfrTrypa African trypanosomiasis 10-14 to 10-14
Alcohol Alcohol use disorders 25-29 to 50-54
Alzheimer Alzheimer disease and other dementias 5-9 to 85+
Asthma Asthma 5-9 to 35-39
BirthTrauma Birth asphyxia and birth trauma 0-1 to 0-1
ChrObsPulm Chronic obstructive pulmonary disease 10-14 to 85+
Cirrhosis Cirrhosis of the liver 5-9 to 60-64
CNCRbreast Breast cancer 25—29 to 70-74
CNCRcervix Cervix uteri cancer 25-29 to 70-74
CNCRcolon Colon and rectum cancers 10-14 to 65-69
CNCRkidney Kidney cancer 1-4 to 10-14
CNCRlarynx Larynx cancer 55—59 to 55-59
CNCRliver Liver cancer 5-9 to 70-74
CNCRmouth Mouth and oropharynx cancers 10-14 to 15-19
CNCRnervous  Brain and nervous system cancers 1-4 to 40-44
CNCRovary Ovary cancer 5-9 to 25-29
CNCRprostate Prostate cancer 60—-64 to 85+
CNCRrespir Trachea, bronchus, lung cancers 10-14 to 75-79
CNCRskin Melanoma and other skin cancers 40-44 to 40-44
CNCRstomach  Stomach cancer 20-24 to 65-69
CollViolLegInt  Collective violence and legal intervention 1-4 to 45-49
CongAnom Congenital anomalies 0-1 to 2529
COVID COVID-19 1-4 to 85+
Dengue Dengue 5-9 to 5-9
Diabetes Diabetes mellitus 5-9 to 80-84
Diarrhoeal Diarrhoeal diseases 0-1 to 85+
Drown Drowning 1-4 to 45-49
DrugUse Drug use disorders 15-19 to 45-49
Epilepsy Epilepsy 5-9 to 2529
Falls Falls 5-9 to 20-24
Fire Fire, heat and hot substances 1-4 to 10-14
Gastritis Gastritis and duodenitis 10-14 to 10-14
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HDhypertens
HDisch
HDmusclevalve
HDrheum
HepB
HIV/AIDS
InterpViol
IntestStop
Kidney

Leish
Leukaemia
Lymphomas
Malaria
MatCond
Measles
MechForces
Mening
NatDis
NeonatSepInf
Oral

Poison
PretermCompl
ProtMalnutr
Rabies
RespInfLow
Road
Self-harm
Sickle

Stroke
Syphilis
Thalass
Tuberc
WhoopCough

Hypertensive heart disease
Ischaemic heart disease

Cardiomyopathy, myocarditis, endocarditis

Rheumatic heart disease
Acute hepatitis B
HIV/AIDS

Interpersonal violence

Paralytic ileus and intestinal obstruction

Kidney diseases
Leishmaniasis

Leukaemia

Lymphomas, multiple myeloma
Malaria

Maternal conditions

Measles

Exposure to mechanical forces
Meningitis

Natural disasters

Neonatal sepsis and infections
Oral conditions

Poisonings

Preterm birth complications
Protein-energy malnutrition
Rabies

Lower respiratory infections
Road injury

Self-harm

Sickle cell disorders and trait
Stroke

Syphilis

Thalassaemias

Tuberculosis

Whooping cough

5-9 to 85+
5-9 to 85+
5-9 to 85+
5-9 to 2024
5-9 to 5-9
0-1 to 70-74
1-4 to 70-74
10-14 to 10-14
5-9 to 65-69
5-9 to 10-14
1-4 to 30-34
1-4 to 35-39
0-1 to 6569
15-19 to 4549
0-1 to 2024
5-9 to 4044
1-4 to 10-14
0-1 to 80-84
5-9 to 10-14
5-9 to 59
5-9 to 15-19
0-1 to 0-1
1-4 to 85+
5-9 to 5-9
0-1 to 85+
1-4 to 6064
10-14 to 55-59
1-4 to 2024
10-14 to 85+
5-9 to 10-14
5-9 to 59
1-4 to 85+
1-4 to 59




Discussion

This thesis has developed new Bayesian methodologies for modeling the complex depen-
dence structures characterizing demographic data, with a focus on dynamic clustering across
time, age, and population groups. The central theme has been the identification of evolving
communities of homogeneous statistical units, such as countries or causes of death, through
probabilistic models that allow clusters to change smoothly along ordered dimensions. While
the empirical focus has been on mortality-related phenomena, each methodological contri-
bution addresses modeling challenges that are equally relevant in other areas of demography.
For example, the models introduced in the three chapters could be applied respectively to
fertility rate trajectories, comorbidity networks, and life-course sequences

The methodological foundation of this work lies in the temporal random partition model
(tRPM) of Page et al. (2022), which introduces temporal dependence among partitions while
preserving the marginal properties of classical random partition models. This framework
enables a coherent treatment of evolving group structures and provides a flexible tool for
studying how similarities among demographic units persist or change over time.

In Chapter 1, we proposed a dynamic clustering model for log-mortality rates that cap-
tures local similarities among countries across ages and calendar years. By representing
mortality surfaces through B-spline expansions and clustering their coefficients dynamically,
the model handles the functional nature and high dimensionality of the data while uncov-
ering persistent and transient regional patterns in mortality evolution.

Chapter 2 generalized the class of extended stochastic block models (ESBM) to analyze se-
quences of directed, categorically weighted networks. Applied to the dynamic co-occurrence
patterns of underlying and contributing causes of death in the Us, this model captured the
asymmetric and age-dependent relationships among causes.

In Chapter 3, we introduced a Bayesian framework for clustering countries based on their
profiles of leading causes of death over time. Modeling these categorical vectors through
mixtures with exponential-distance components and embedding them in a dynamic partition
process enabled the identification of stable and evolving clusters of countries, revealing global
epidemiological convergence and divergence from 2000 to 2020.

These projects open several avenues for future research. First, the discussions in the three
chapters highlight the potential impact of limited high-quality data on the resulting analyses.

Improvements in data availability and granularity would allow for a deeper understanding
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of specific aspects of mortality trends. For example, future work could investigate the
relationship between mortality rates and socioeconomic indicators in Chapter 1, or provide
a more detailed decomposition of deaths by cause in Chapter 3. Another promising direction
would be to incorporate additional sources of dependence when modeling clustering patterns
among countries and causes of death. For instance, one could examine the dependence
between the partitions of male and female populations in Chapters 1 and 3, or extend the
model for sequences of directed networks in Chapter 2 to include temporal dependence as
well.

Lastly, scalability is often a challenge for Bayesian procedures, particularly for nonpara-
metric models used to infer partitions. Implementing these models requires substantial
computational effort via principled Markov chain Monte Carlo (MCcMmC) algorithms. Im-
proving the sampling schemes would certainly open avenues for applying these models to
larger problems, whether due to increased sample sizes or an higher number of parame-
ters, which would further enhance the flexibility of such models. Future directions could
consider either improved MCMC sampling schemes targeting the exact posterior distribu-
tion or approximations of the posterior distributions, such as those provided by variational
inference or divide-and-conquer procedures. Recent research moved into this directions,
for instance deriving block-update schemes for the cluster assignments (Franzolini et al.,
2023; Ricci et al., 2024; Argiento et al., 2024). Nevertheless, the current approaches require
nontrivial adaptations to be applied to the models proposed in the thesis. One promising
option consists in adopting split-and-merge procedures (e.g., Jain and Neal, 2004), which
improve the exploration of the domain of the posterior distribution of the partitions. This
is achieved by introducing in the MCMC updates some splits and merges of clusters, which
attempt to modify the partition draw of the last iteration through global moves rather
than individual cluster assignments. The detailed-balance equation is preserved through
Metropolis-Hastings steps, which can accept or reject the proposed split/merge. Extending
this strategy to a dynamic partition is challenging due to the dependence between parti-
tions at consecutive time points. In particular, the compatibility constraints underlying the
tRPM by Page et al. (2022) would be violated by most split/merge proposals, rendering
them highly unlikely to be accepted.
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